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Objectives

Methodological objective

To introduce a number of results from the investigation of
probabilistic graphical models that use region based
decompositions and to explain how these results may be
applied to optimization

Objective in the domain of application

To show the way in which protein problems can be
efficiently solved by using methods based on graphical
models which serve not only as problem solvers but also
as modeling tools
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Probabilistic graphical models

Definitions

A graphical model for X = (X1, X2, . . . , Xn) encodes a graphical
factorization of a joint probability distribution

A probability p(x) is called a Markov random field with respect
to the neighborhood system on a graph G if,
p(xi |x \ xi) = p(xi |bd(xi))
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Probabilistic graphical models

Definitions

A probability p(x) on a graph G is called a Gibbs field with
respect to the neighborhood system on the associated graph G
when it can be represented as follows:

p(x) =
1
Z

e−H(x)

where H(x) =
∑

C∈C ΦC(x) is called the energy function, being
Φ = {ΦC ∈ C} the set of clique potentials, one for each of the
maximal cliques in G
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Probabilistic graphical models

Markov network. Example

1 2 3

4

7 6 5

Figure: Undirected graph with 4 maximal cliques

H(x) = Φ1(x{1,2,6,7}) + Φ2(x{2,3}) + Φ3(x{5,6}) + Φ4(x{3,4,5})
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Graphical models in optimization

Optimization domain

Optimization problem

f̂ = maxx∈Ωf (x)

Optimization approaches

Estimation of distribution algorithms (EDAs)

Optimization methods based on inference
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Graphical models in optimization

Optimization approaches

EDAs
Population based evolutionary algorithms

Use probabilistic models instead of genetic operators

At each generation a probabilistic model of the selected
population is learnt

The probabilistic model is used to sample new solutions

Optimization methods based on inference

Based on message passing algorithms

Inference is used to find consistent marginals or the most
probable configuration

Exact and approximate inference methods can be used
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Graphical models in optimization

Pseudocode of UMDA

1 D0 ← Generate M individuals randomly
2 l = 1
3 do {
4 Ds

l−1 ← Select N ≤ M individuals from Dl−1

according to a selection method
5 pl(x) =

∏n
i=1 p(xi |Ds

l−1)← Estimate the joint
probability of the selected individuals

6 Dl ← Sample M individuals (the new population)
from pl(x)

7 } until A stop criterion is met
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Introduction

Region-based decompositions

Motivation
Results from statistical physics can be applied to machine
learning

Free energy approximation serves to study propagation
algorithms

Results achieved can be used to improve inference
algorithms for graphical models
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Introduction

Free energy approximations

Boltzman distribution

p(x) =
1

Z (T )
e

−E(x)
T

Gibbs free energy

F (b) =
∑

x

b(x)E(x)− b(x) ln b(x)
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Kikuchi approximation

Energy approximations

Work on region-based decompositions

Bethe approximation of the energy (Bethe: 1935)

Kikuchi approximation of the energy (Kikuchi: 1951)

Use of region-based decompositions in probabilistic
inference (Yedidia et al: 2004)
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Kikuchi approximation

Region-based decompositions

Objectives
1 Region-based decompositions to approximate probability

distributions
2 Algorithms to learn region-based decompositions
3 Use of region-based decompositions in optimization
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Kikuchi approximation

Kikuchi approximation

Region graphs

Region R of the independence graph G = (V , E)

Graph region-based decomposition (R, U)

Valid region-based decomposition:
∑

R∈R
Xi⊆XR

cR = 1

Clique-based decompositions

Choice of the initial regions: maximal cliques

Calculation of the regions: cluster variation method
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Kikuchi approximation

Kikuchi approximation

Kikuchi approximation of a probability distribution p(x):

k(x) =
∏

R∈R

p(xR)cR

Example

X

T

A

E

D

BL

S

k(x) =
p(xA, xT )p(xT , xE )p(xE , xX )p(xE , xL)p(xL, xS )p(xS, xB )p(xB, xD)p(xE , xD)

p(xT )p(xE )3p(xL)p(xS)p(xB)p(xD)
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Kikuchi approximation

Kikuchi approximation

k(xS) =
∑

x′|x′
S=xS

k(x′)

k(xA | xB) =
k(x{A,B})

k(xB)

Theorem
Given a Kikuchi approximation k(x) defined on a graph G, and
a set of variables XA,

k(xA | x \ xA) = k(xA | bd(xA))
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Kikuchi approximation

Kikuchi approximation: Markov properties

Theorem (Local Markov property)

Given a Kikuchi approximation k(x) defined on a graph G, and
a variable Xi ,

k(xi , x \ cl(xi ) | bd(xi)) = k(xi |bd(xi))k(x \ cl(xi )|bd(xi))

Theorem (Pairwise Markov property)

Given a Kikuchi approximation k(x) defined on a graph G, and
two variables Xi and Xj , if the corresponding vertices are not
joined in G:

k(xi , xj | x \ (xi , xj)) = k(xi | x \ (xi , xj))k(xj | x \ (xi , xj))
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Kikuchi approximation

Kikuchi approximation: Markov properties

Theorem (Global Markov property)

Given a Kikuchi approximation k(x) defined on a graph G, for
all disjoint subsets XA, XB, and XC , whenever XB and XC are
separated by XA in the graph, then:

k(xB , xC | xA) = k(xB | xA)k(xC | xA)
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Kikuchi approximation

Kikuchi approximation

Theorem (Kikuchi decomposition property)

Given the independence graph G, and a factorization

p(x) =
pxD1

pxD2
· · · pxDm

∏m−1
i=1 pxdi

in which xd1, xd2 , . . . , xdm−1 is the (possibly empty) set of
complete irreducible components, resulting from the
intersection of the irreducible components xD1

, xD2
, . . . , xDm ,

then, the Kikuchi approximation k(x) defined on G can be
decomposed as:

k(x) =
kD1(xD1)kD2(xD2) · · · kDm(xDm)

∏m−1
i=1 pxdi
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Kikuchi approximation

Other results

Partial Kikuchi approximations

Some of the irreducible incomplete components are
approximated by the corresponding Kikuchi approximation

The rest of components are calculated exactly

Accuracy of the Kikuchi approximation

Definition of accuracy measures: Kullback-Leibler
divergence

Locality of the accuracy measures
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Learning Kikuchi approximations

Learning approaches

Types of approaches

Based on independence tests

Score+search approaches

Score+search approaches

Updating the Kikuchi approximation by edge addition

Kikuchi approximation learning algorithm
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Learning Kikuchi approximations

Learning algorithms

Theorem
Given two Kikuchi approximations k1(x) and k2(x), such that
their respective independence graphs are identical except
perhaps in some of the edges that join vertices in XA ⊂ X, then
∀x

k1(x) = k2(x)δ(cl(XA))

where δ is a function that only depends on cl(XA)
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Learning Kikuchi approximations

Learning algorithms

Corollary

Given the same assumptions required for the previous theorem

D(p||k2)− D(p||k1) =
∑

x

p(x)log
(

K1(x, A)

K2(x, A)

)
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Learning Kikuchi approximations

Learning algorithms

Learning by edge addition

1 Separate the regions corresponding to the current Kikuchi approximation k(x) into two sets O and Q. O
contains regions with variables in X \ cl(Xi , Xj ). The remaining set of regions is called Q

2 Form the set S with the intersections between every possible pair of maximal cliques in Q, such that one of
the two cliques contains Xi and the other one, Xj

3 Add variables Xi and Xj to every clique in S

4 Find the set of new regions Q from the maximal cliques in S and the rest of maximal cliques that do not
contain Xi or Xj

5 Calculate the cQ values for the cliques in Q

6 Remove cliques with cQ = 0 from Q

7 From the union of regions in O and Q, compute the new Kikuchi approximation k′(x)
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Learning Kikuchi approximations

Applications

Learning of a probability model from data

Approximation of Boltzman probability distributions

Approximation of probability distributions induced by
Bayesian networks

Approximation of empirical distributions

Supervised classification

Zoo database

King and rook against black king database
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Learning Kikuchi approximations

Example

f (x) = fd(x1, x2, x3) + fd(x3, x4, x5) + fd(x1, x6, x7) + fd (x5, x6, x8)

X7

X1 X6

X2 X8

X3 X5

X4

8
2

7

11

3

12

1

6

5

10
4

9

13

Figure: Edges of the graph in the order in which the Kikuchi
approximation learning algorithm learns them
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Region-based decompositions, propagation and abductive i nference in optimization

Applications of inference in optimization

Research trends
Inference algorithms in graphs with cycles

Use of region-based approximations

Properties of propagation algorithms for different graph
topologies

Design of methods for abductive inference
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Region-based decompositions, propagation and abductive i nference in optimization

Generalized EDA

Pseudocode of the generalized EDA
1 Set t ⇐ 0. Generate M points randomly
2 do {

3 Select a set S of N ≤ M points according to a selection method
4 Learn an undirected-graph-based representation of the dependencies

in S
5 Using the graph, determine a class of graphical model or approximation

strategy to approximate the distribution of points in S
6 Determine an inference algorithm to be applied in the graphical model
7 Generate M new points from the model using the inference method
8 t ⇐ t + 1
9 } until Termination criteria are met
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Region-based decompositions, propagation and abductive i nference in optimization

Generalized EDA

Graphs Graphical model Inference Approximation
exact graph univariate PLS exact

univariate MPC exact
junction tree PLS exact
junction tree MPC-BP exact
junction graph PLS approximated
junction graph MPC-BP approximated
clique-based Kikuchi approximation GS approximated
Bethe approximation MPC-loopy BP approximated
Kikuchi approximation MPC-generalized BP approximated

subgraph univariate PLS approximated
univariate MPC approximated
junction tree PLS approximated
junction tree MPC-BP approximated
junction graph PLS approximated
junction graph MPC-BP approximated
clique-based Kikuchi approximation GS approximated
Bethe approximation MPC-loopy BP approximated
Kikuchi approximation MPC-generalized BP approximated

triangulated graph junction tree PLS exact
junction tree MPC-BP exact

Table: Approximation strategies, graphical models, and inference
methods to be employed by EDAs based on undirected graphs
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Region-based decompositions, propagation and abductive i nference in optimization

Generalized EDA

Learning and sampling region-based decompositions
1 Learn the undirected graph from the data

2 Determine the region graph decomposition to be employed

3 Find the marginal probabilities associated with each region

4 Using the marginal probabilities, calculate the local potential in each region

5 If necessary, apply a propagation scheme to find consistent marginal probability distributions

6 If convergence is achieved, sample using an algorithm for finding the most probable configurations.
Otherwise, organize the sampling from the inconsistent marginals
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Introduction

Proteins

Definitions
A protein is a sequence of aminoacids

Each amino acid has a peptide backbone and a distinctive
side chain

Protein sequences fold into a native 3-d structure

The native structure of a protein is the one for which the
free energy is minimum

Laws that govern protein folding are unknown
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Introduction

Backbone and side chain of the pdb1mrj protein
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Introduction

Computational approaches to protein folding

Computational models

Hydrophobic-Polar (HP) model (Dill: 1985)

Off lattice models (Hsu et al: 2003)

Rotamer configurations and rotamer libraries (Ponder and
Richard: 1987)

Detailed atom-based models (Lazar et al: 1997)
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Introduction

Protein problems addressed

Protein folding in HP model

To find the HP configuration with lowest energy

Side chain placement problem

To find the optimal positioning of the side chain with
respect to a given backbone

Protein design

To find the sequence that has the lowest energy with
respect to a protein structure
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Protein folding in the HP model

HP and functional model protein

Characteristics
Type of residues: hydrophobic and hydrophilic or polar

Located in regular lattice models

In the lattice, residues form self-avoided paths

Energy interactions: defined from H-H and H-P contacts
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Protein folding in the HP model

HP and functional model protein

Example

b

bbb

b

b

b

b

b

b
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bcbcbcbc

bc

bc

bc

bc bc

Figure: Best solution found for sequence
HPHPPHHPHPPHPHHPPHPH
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Protein folding in the HP model

EDAs: probabilistic model used

Markov model

pMK (x) = p(x1, . . . , xk+1)

n
∏

i=k+2

p(xi | xi−1, . . . , xi−k )

Tree model

pTree(x) =
n

∏

i=1

p(xi | pa(xi))

Mixture of trees model

pMT (x) =

m
∑

j=1

λjp
j
Tree(x)
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Protein folding in the HP model

Results

Results in the three-dimensional lattice
hybrid GA MK-EDA1 MK-EDA2

H(x∗) mean ± σ H(x∗) mean ± σ H(x∗) mean ± σ

s1 −11 −10.52 ± 0.54 −11 −10.80 ± 0.40 −11 −10.82 ± 0.38
s2 −13 −11.28 ± 0.90 −13 −12.56 ± 0.75 −13 −12.02 ± 0.94
s3 −9 −8.54 ± 0.64 −9 −8.90 ± 0.30 −9 −8.96 ± 0.19
s4 −18 −15.76 ± 1.05 −18 −16.34 ± 0.79 −18 −16.40 ± 0.80
s5 −28 −24.60 ± 1.57 −29 −27.10 ± 1.00 −29 −27.24 ± 0.92
s6 −26 −23.02 ± 1.48 −28 −25.68 ± 1.24 −29 −25.70 ± 1.26
s7 −49 −41.18 ± 2.75 −49 −46.52 ± 1.25 −49 −46.30 ± 2.04
s8 −46 −40.40 ± 2.50 −50 −46.16 ± 2.16 −52 −46.78 ± 2.28

Table: Results of the EDAs and the hybrid GA in the 3-d lattice
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Protein folding in the HP model

Results

Results in the two-dimensional lattice
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Protein folding in the HP model

Results

“New” view of protein folding
During the folding process, the energy of the structures will decrease on average
as they become more and more similar to the native structure of a natural protein

The folding rates of small proteins correlate with their contact order

Proteins with a large fraction of their contacts between residues close in
sequence tend to fold faster than proteins with more non-local interactions

Protein folding rates and mechanisms are largely determined by the protein
native topology

Local interactions are more likely to form early in folding than non-local
interactions

Some contacts may be topologically required (or at least be more likely) to be
formed before others during folding
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Results of the simulations
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Side chain placement

Rotamers and rotamer libraries

Characteristics
A rotamer library is a collection of rotamers for each
residue type

Rotamer libraries can be backbone-independent or
backbone-dependent

The problem is ’reduced’ to the search of the optimal
rotamer configuration for each residue
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Side chain placement

Representation

Energy function

Let Ki be the number of feasible rotamer configurations for
residue xi

E(xi) is the energy interaction between the rotamer and
the backbone

E(xi , xj) is the interaction energy between the couple of
rotamers

E(x) =
n

∑

i=1

E(xi) +
n−1
∑

i=1

n
∑

j>i

E(xi , xj )
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Side chain placement

Integrated optimization approach

Steps for the solution of the problem

Problem reduction: Dead-end elimination algorithm
(DeMaeyer et al: 2000)

Global search: UMDA

Solution refinement: Variable neighborhood search (VNS)
(Mladenovic and Hansen: 1997)
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Side chain placement

Integrated optimization approach

Dead-end elimination
Goldstein elimination criterion: Rotamer configurations that are
proved not to be in the optimal solutions are eliminated

E(xi)− E(x ′
i ) +

n
∑

j=1
j 6=i

minxj (E(xi , xj)− E(x ′
i , xj )) > 0

VNS
VNS is based on the application of local search by
systematically changing the neighborhood during the search
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Side chain placement

Integrated optimization approach

VNS within EDAs
VNS is applied to the best solutions found by UMDA

The neighborhood structure Nk (x) comprises solutions
that have exactly k values different from x

Information about the residues interactions is used to
constrain the neighborhood structure definition

Exhaustive and random search of the neighborhood
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Integrated optimization approach

VNS within EDAs
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Side chain placement

Experimental results

Protein benchmark
325 X-ray crystal structures with a resolution better than or
equal to 2Å

The size of the proteins between 7 and 1982 residues

Results achieved by the Side-chain PRediction INference
Toolbox are taken as a reference
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Side chain placement

Experimental results

Results for the protein benchmark
UMDA UMDA + VNS

pdb id best S mean ± σ best S mean ± σ

pdb1buu 200.23 12 200.70 ± 0.30 200.23 50 200.23 ± 0.00
pdb1bv1 132.54 50 132.54 ± 0.00 132.54 50 132.54 ± 0.00
pdb1ema 286.39 48 286.47 ± 0.37 286.39 49 286.41 ± 0.10
pdb1et9 227.14 16 227.66 ± 1.20 226.79 22 226.90 ± 0.09
pdb1h6h 97.95 15 98.44 ± 0.34 97.95 50 97.95 ± 0.00
pdb1hh8 374.63 1 414.96 ± 2.71 370.16 50 370.16 ± 0.00
pdb1mrj 232.66 3 239.23 ± 3.08 232.66 36 232.86 ± 0.31
pdb2fcr 236.28 50 236.28 ± 0.00 236.28 50 236.28 ± 0.00
pdb2ilk 138.54 50 138.54 ± 0.00 138.54 50 138.54 ± 0.00
pdb2tir 92.60 50 92.60 ± 0.00 92.60 50 92.60 ± 0.00
pdb3kvt 163.96 33 164.15 ± 0.34 160.50 50 160.50 ± 0.00

Table: Results achieved by UMDA and UMDA+VNS
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Side chain placement

Experimental results

Results for protein pdb1d2e

Figure: Native backbone structure corresponding to the pdb1d2e
protein and side chain configuration found by UMDA
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Side chain placement

Experimental results

Analysis of the convergence time
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Protein design

Evolutionary niche of a protein

Characteristics
The sequence-structure relationship can be analyzed in
terms of energy (Meyerguz et al: 2004)

The evolutionary niche of the protein: to find the niche of
all proteins, which, regarding the energy value, are more
evolved with respect to the structure

Potential functions introduced to correctly rate the native
structure with respect to a set of decoy structures
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Protein design

Energy function

TE13 function

E(x, σ) =
∑

α,β

pαβnαuαβ(r) ≡
∑

λ

pλnλ

nλ is the number of contacts of a specific type and at a
specific distance (λ) of structure σ

For each λ-s, there is a corresponding independent
parameter pλ
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Protein design

Protein design approaches

Approaches to protein design

Directed protein design

Probabilistic protein design

EDAs
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Protein design

EDA approaches: Tree model

Sampling with probabilistic logic sampling (PLS)

Tree-EDA: The tree is learnt from the data

Tree-EDAr : The tree is learnt from the data using the
protein structure information
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Protein design

EDA approaches: Tree model

Sampling combining loopy BP and PLS

EDA-Loopy-P
The tree is learnt from the data
The graphical model structure for loopy BP is determined
by the contact graph
Marginals are learnt from data

EDA-Loopy
The tree is learnt from the data using the protein structure
information
The graphical model structure used for loopy BP is the one
learnt from data
Marginals are learnt from the data
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Protein design

Experimental results

Protein benchmark
Set of 60 protein instances

Chosen from a reduced and non-redundant set of 3899
protein shapes

Information about the side chain geometric centers is
available

Contact graphs are calculated using residues contact
distances below 9Å
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Protein design

Results
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Most frequent interactions found by Tree-EDA
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Experimental results
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Conclusions

Conclusions

Methodological conclusions

Properties of the Kikuchi approximation have been studied

An algorithm for learning Kikuchi approximations from data
has been introduced

New ways to use propagation algorithms in optimization
have been discussed
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Conclusions

Conclusions

Conclusions on computational protein applications

EDAs have been applied to optimize and simulate the HP
protein problem

New best results for the side chain placement problem
have been obtained using EDA+VNS

Low energy configurations can be achieved in protein
design problems using EDAs

Optimization using graphical models can support
knowledge about the problem structure in protein problems
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Future work

Ongoing and future work

Research trends
Further study of possible metrics to be used for learning
Kikuchi approximation is needed

Research on other uses of graphical models for protein
design is worth

Use of the protein backbone structure to learn more
complex probabilistic models in EDAs for side chain
placement

The influence in the performance of EDAs of measures
associated with the protein folding process should be
investigated
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