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Motivation and objectives

Motivation

Why to use EDAs?

@ They address some of the recognized GA limitations
@ Increasingly applied to real-world problems

@ Probabilistic modeling of the search space provides a
better understanding of the problem domain

@ Challenging field for further research
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Motivation and objectives

Objectives

Course goals

@ Present the EDA functioning principles and explain the
place of EDAs within evolutionary optimization

@ Understand the differences between the different EDA
variants

@ Learn how to solve an optimization problem using EDAs

@ Review current research and open problems in EDAs
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EDAs
Probabilistic models in optimization

Foundational work

Some previous GA work that led to EDAs

@ Bit-based simulated crossover (BSC) (Syswerda 1991)

@ Population-based incremental learning (Baluja et al:1993)

@ Breeder genetic algorithm (Muhlenbein and Schlierkamp-Voosen:1993)
@ Linkage learning studies

Ij G. Syswerda,

Simulated crossover in genetic algorithms.

Foundations of Genetic Algorithms, Pp. 239-295. Morgan Kaufmann. 1993.
B S. Baluja and R. Caruana,

Removing the genetics from the standard genetic algorithm.

Research Report CMU-CS-95-141, Carnegie-Mellon University. 1995
D H. Mihlenbein and D. Schlierkamp-Voosen,

The science of breeding and its application to the breeder genetic algorithm (BGA),
Evolutionary Computation, Vol. 1, No. 4, Pp. 335-360. 1993
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EDAs
Probabilistic models in optimization

While to remove genetics from standard GA?

It can be seen as an abstraction of GA
Simpler, both computationally and theoretically than GA
Faster and more effective than GA

Most of the power of the GA may derive from the statistics implicitly maintained
in the population

© 6 0 ¢
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Breeder genetic algorithm

@ Basic concepts: response to selection, selection intensity, and heritability
@ The genotype frequencies are in Robbins proportions if p(x,t) = [T pi(xi,t)

@ Gene pool recombination: Genes are randomly picked from the gene pool
defined by the selected parents

@ Univariate marginal distribution algorithms keep gene frequencies in linkage
equilibrium
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Probabilistic models in optimization

How to solve the linkage problem

Linkage problem
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@ In biology: The level of association in inheritance of two or more non-allelic gens
that is higher than to be expected from independent assortment.

@ Holland: Genetic operators which can learn linkage information for recombining
alleles are necessary for optimization success

introductory course to Estimation of Distribution Algori
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Probabilistic models in optimization

Estimation of distribution algorithms

@ Use a probabilistic model to represent the selected
population

@ Machine learning methods are used to learn and sample
the models

@ Some variants can deal with problems where variables
exhibit strong interactions

@ Probability theory as a solid theoretical fundation for the
study of EDAs

-

@ Probabilistic model-building EDAs (PMBGAS)
@ lterated density estimation of distribution algorithms (IDEA)
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EDAs
Probabilistic models in optimization

Pseudocode of an EDA

Algorithm 1: Estimation of distribution algorithm

Sett < 0. Generate M points randomly.
do {
Evaluate the points using the fitness function.
Select a set DtS of N < M points according to a selec-
tion method
Calculate a probabilistic model of D .
6 Generate M new points sampling from the distribution
represented in the model
7 t<=t+1
8 }until Termination criteria are met.

A W DN PP
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EDAs
EDAs
Probabilistic models in optimization

Dty1 w

Figure: Joint probability distributions determined by the components
of an EDA. Dy, Di;1: populations at generation t and t + 1; pf (x),
p2(x): Joint probability distributions determined by selection and the

probabilistic model approximation.
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Probabilistic models in optimization

EDA example: UMDA

Initial population

X1 X2 X3 X4 X5 Xg X7 Xg
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EDAs
EDAs
Probabilistic models in optimization

EDA example: UMDA

Evaluated initial population

X1 X2 X3 X4 X5 Xg X7 Xg f(x)
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Probabilistic models in optimization

EDA example: UMDA

Truncation selection (T = 0.5)

X1 X2 X3 X4 X5 Xg X7 Xg f(x)
[1]ojojo1]1]1]|0] 4
ol1[1]0]1]1]1]0 5
1{o]1|o1][1]1]0 5
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EDAs
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Probabilistic models in optimization

EDA example: UMDA

Selected population

[1]o]ofof1]1]1]0] 4

o[1]1]Jo]1]1]1]0] 5
1]of1]of2]2]2]0] ¢

Probabilistic model (p(x; = 1)

P (X1 )p(x2)p(x3)p (X4 )p (x5 )p (X6 Jp (X7 ) (Xg

0.66/0.33(0.66| 0 [ 1 | 1 (1| O
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Probabilistic models in optimization

EDA example: UMDA

Selected population New sampled population

[1]ofofol1]1]1]0] 4

0/1/1/0|1|1|1]|0

5
1/0/1/0|1|1|1|0

5

Probabilistic model

P(x1)p(X2)p(x3)p (x4 )p (X5 )p (X6 )P (X7 )p (X8

0.66|0.33|0.66| O 1 1 1 0
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Probabilistic modeling

Importance of probabilistic modeling

@ PGMs describe the interactions between the problem
variables

@ Characteristic patterns of different search areas are
captured by the models

@ A priori knowledge of the problem can be added to the
search

@ Previously unknown problem information can be extracted
from the models
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Probabilistic models in optimization

Probabilistic graphical model

Graphical models

®OOG

A probabilistic graphical model for X = (X3, Xz, ..., Xn) encodes a graphical
factorization of a joint probability distribution p(x)

@ It has two components:
@ A structure S (e.g. directed acyclic graph for Bayesian networks).
@ A set of local marginal probability values.
@ S represents a set of conditional independence assertions between the
variables.
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Probabilistic models in optimization

Graphical models

Different graphical models
@ Bayesian and Markov networks
@ Trees
@ Gaussian networks
@ Mixture of Gaussian distributions
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Motivation and objectives EDAs
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Graphical models

Markov networks

@ A probability p(x) is called a Markov random field with
respect to the neighborhood system on a graph G fif,
p(xilx \ X)) = p(xi|bd (x;))

@ A probability p(x) on a graph G is called a Gibbs field with
respect to the neighborhood system on the associated
graph G when it can be represented as follows:

p(x) = %e*“(x)

where H(x) = > .. ®c(x) is called the energy function,
being ® = {®c € C} the set of clique potentials, one for
each of the maximal cliques in G
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Markov network. Example
ove ©
(X[ [>e
O——®

Figure: Undirected graph with 4 maximal cliques

H(X) = ®1(X{1,2,6,71) + P2(X12,31) + P3(X(563) + Pa(X(345))
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

EDA classification

Different EDAs classification
@ Univariate vs multivariate EDAs
@ Discrete vs continuous EDAs
@ Single-objective vs multi-objective EDAs
@ Other EDA variants
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EDA classification Other variants of EDAs

EDA classification

Different EDAs classification

@ Univariate vs multivariate EDAs

@ Discrete vs continuous EDAs

@ Single-objective vs multi-objective EDAs
@ Other EDA variants

>

Further classification

@ Overlapping factors vs non overlapping factors
@ Singly connected vs multiply connected networks

@ Acyclic vs cyclic networks
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

EDA classification

Complexity of the probabilistic model

Univariate models Multivariate models
@ Variables are independent @ Can represent variables
interactions

@ No interaction is modeled
@ Variables are grouped into,

@ Very efficient model i S T
i \Y, ing,
° p(X) = Hi p(xi) factors
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Univariate models

Variants of univariate EDAs

@ Bit-based simulated crossover (Syswerda:1993)

@ Population-based incremental learning (PBIL)
(Baluja:1994)

@ Univariate marginal distribution algorithm (UMDA)
(Muehlenbein and Paas:1996).

@ Compact genetic algorithm (cGA) (Harik et al:1998)
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Multivariate models

Non-overlapping multivariate EDAS
@ Extended compact genetic algorithm (ECGA) (Harik:1999)

@ Dependency structure matrix genetic algorithm
(DSMGA:2004)

@ Affinity propagation EDA (Aff-EDA) (Santana et al:2008)
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

EDA classification

Multivariate models

Minimize Cm +Cp (2)
Subject to x| <NVie{i,.. . m} ®)

where C, represents the model complexity and is given by
m
Cm = logy(N +1) > (Ix] - 1) @3)

i=1

and Cp is the compressed population complexity and is evaluated as




Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

E
EDA classificati

Multivariate models

Non-overlapping multivariate EDAS

Algorithm 2: ECGA structural learning algorithm

1 Define each factor as composed of a single variable
2 do {

3 For each pair of factors

4 Merge the two factors
5

6

7

Evaluate the MDL metric of the current model
Undo merging
Select the merging action that improved the MDL the
most
8 }until No further improvement in the metric is achieved
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Multivariate models

Singly-connected EDAs

@ Mutual information maximization for input clustering
(MIMIC) (De Bonet et al: 1997)

@ Combining optimizers with mutual information trees
(COMIT) (Baluja and Davies: 1997)

@ Bivariate marginal distribution algorithm (BMDA) (Pelikan
and Muehlenbein:1998)

@ Tree estimation of distribution algorithm (Tree-EDA)
(Santana et al:1999)
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EDA classification

Multivariate models

Singly-connected ED

Algorithm 3: Tree-EDA
1 Dy < Generate M individuals randomly

2 1=1

3 do{

4 Dp_, « Select N < M individuals from D,_ according to a selection method

5 Compute the univariate and bivariate marginal frequencies p®(x;|Dy_,) and
pﬁj (xi,|D7_,) of DP_;

6 Calculate the matrix of mutual information using bivariate and univariate
marginals.

7 Calculate the maximum weight spanning tree from the matrix of mutual infor-
mation.

8 Compute the parameters of the model.

9 D, «— Sample M individuals (the new population) from the tree and add elitist
solutions.

10 }until A stop criterion is met
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Multiply-connected EDAs

EDAs based on Bayesian networks

@ Estimation of Bayesian networks algorithm (EBNA)
(Etxeberria and Larranhaga:1999)

@ Bayesian optimization algorithm (BOA) (Pelikan et al:1999)

@ Learning factorization distribution algorithm (LFDA)
(Muehlenbein and Mahnig:2001)
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Multiply-connected EDAs

EDAs based on Markov networks

@ Markov network optimization algorithm (MNFDA)
(Santana:2004:2005)

@ Distribution estimation using Markov network (DEUM)
(Shakya:2005)

@ Markov optimization algorithm (MOA) (Shakya and
Santana:2008)
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

Discrete vs continuous EDAs

EDA classification

Influence of the variable representation

@ Probabilistic models depend on the variable representation

@ Sampling and learning algorithms are defined according to
the representation

@ Cardinality of the variables is relevant for discrete EDAs

@ Range of variables is relevant for continuous EDAs
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

EDAs: Examples of discrete probability factorizations

Univariate model

p(x) = [p(x)
i=1

Tree model

Prree (X) = H P(xi | pa(xi))

i=1

Mixture of trees model

m
pur (X) = Z Aj P]Tree(x)
=1
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

EDA classification

Continuous EDASs

Gaussian modelin

@ Gaussian modeling of the variables
9@ Q(x) = N(u,0)

o l"/t+1 = (1 - a)ut + axmaxv & 6]01 1[
@ Different alternatives to update o
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Continuous EDAs

Univariate and singly-connected models

@ Stochastic hill climbing with learning by vectors of normal
distributions (SHCwL) (Rudlof and Képpen:1996)

@ Continuous population based incremental learning (PBIL;)
(Sebag and Ducoulombier:1998)

@ Continuous univariate marginal distribution algorithm
(UMDA,) (Larrafiaga et al:2000)

@ Continuous mutual information maximization for input
clustering (MIMICS) (Larrafiaga et al:2000)
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EDA classification

Continuous EDASs

Gaussian modelin
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Continuous EDAs

Multivariate models

@ Iterated density estimation evolutionary algorithm (IDEA)
(Bosman and Thierens:2000)

@ Estimation of multivariate normal algorithm (EMNA)
(Larrafiaga and Lozano:2001)

@ Estimation of Gaussian network algorithm (EGNA)
(Larrafiaga and Lozano:2001)

@ Eigenspace EDA (EDDA) (Wagner et al:2004) The
eigenspace EDA
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Continuous EDASs

@ EDAs based on Archimedean copulas (Wang et al:2009)

@ EDAs based on Gaussian copulas (Wang et al:2009a)

@ Two copula-based EDAs with Gaussian and Frank copulas (Salinas et al:2009)
@ EDAs based on empirical copulas (Cuesta-Infante et al:2010)
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Different EDAs according to the optimization problem

Types of optimization
@ Single-objective: Only one fitness function is solved

@ Multi-objective optimization: Two or more objectives are
simultaneously optimized
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Multi-objective optimization

Pareto dominance

@ We consider a maximization problem with k objective functions
fi(x) — R,i € {1,...,k}, where the vector function f maps each solution x to an
objective vector f(x) = (f1(x), ..., f (X)) € RX

@ It is also assumed that the underlying dominance structure is given by the Pareto
dominance relation that is defined as Vx,y € X, x <z y <= fi(x) < fi(y) Vi,
where F’ is a set of objectives with 7/ C F := (fy,...,fk)

@ The Pareto (optimal) setis given as {x € X | Ay € X \ {x} : y 27 X AX A7 y}.
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs

Single-objective vs multi-objective
Other variants of EDAs
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EDA classification
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Figure: Pareto front (stars) and dominated solutions (blue dots) for a
bi-objective problem
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs

EDA classification Single-objective vs multi-objective

Other variants of EDAs

EDAs for multi-objective optimization

Critical issues

@ Fitness assignment: It is more complex since several
objectives may be involved

@ Diversity preservation: Population diversity is critical for a

good coverage of the Pareto front

@ Elitism: How to avoid the loss of non-dominated solutions?
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

Different EDAs according to the optimization problem

EDA classification

Types of optimization

@ Multi-objective BOA (Khan et al:2002,Laumanns and
Ocenasek:2002,Pelikan et al:2005)

@ Multi-objective mixture-based IDEAs (Thierens and
Bosman:2001)

@ Multi-objective Parzen-Based EDA (Costa and
Minisci:2003)

@ Voronoi-based EDA multi-objective optimization (Okabe et
al:2004)

@ Multi-objective UMDA (Zinchenko et al:2007)
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

Pseudocode of EBNA for a multi-objective problem

© BNy — (Sp, 8%) where Syis an arcless dag and 6° is
uniform

Q po(x) = [TLip(xi) = Hinzlr%

© Dy «— Sample M individuals from pg(x)

D3¢, « Select N individuals from D;_; using

Pareto-ranking selection.
S; + Use local search to find one network

structure that optimizes scoring metric

6'— Calculate ¢}, using D, as the data set

BN; « (S;,6")

D; < Sample M individuals from BN;
} until Stop criterion is met

Roberto Santana An introductory course to Estimation of Distribution Algori th



Univariate vs multivariate EDAs
Discrete vs continuous EDAs

EDA classification Single-objective vs multi-objective

Other variants of EDAs

Selection of optimal channels

Feature subset selection approach using optimization

@ Find the set of channels (features) whose corresponding variables, passed to the
classifier, give the best accuracy.

@ A binary vector x = (Xq, . .., Xp74) represents a possible subset of channels.

@ Estimate accuracy with (less costly) 2-fold cross-validation accuracy.

@ Simultaneously optimize the accuracy for all the subjects with multi-objective
optimization, (likely) sacrificing accuracy but increasing robustness.

@ Reevaluate with leave-one-out cross-validation accuracy only solutions in the
Pareto set.

Roberto Santana An introductory course to Estimatiol Distribution Algori



Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

Analysis of the Pareto set solutions

EDA classification

@ Most informative channels can be automatically extracted from Pareto set of
solutions and compared with a priori known sets of involved brain areas.

@ The accuracy provided by each channel can be estimated by averaging
accuracies of solutions where each channel is involved.

Channels that were in at least 80% of Pareto set solutions (black) and average channel classification accuracy
(color)

Corr. graphs Combined
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective

EDA classification Other variants of EDAs

EDA variants

Different EDA variants
@ Estimation of distribution genetic programming
@ Probabilistic modeling in classifier systems

@ Estimation of distributions for structured representation
(e.g. permutations, set based, etc.)
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Univariate vs multivariate EDAs
Discrete vs continuous EDAs
Single-objective vs multi-objective
Other variants of EDAs

Motivation and ob

EDA variants

Estimation of distribution genetic programming

@ Probabilitic incremental program evolution (PIPE)
(Salustowicz and Schmidhuber:1997)

@ Extended compact genetic programming (ECGP) (Sastry
and Goldberg:2003)

@ Estimation of distribution programming (EDP) (Yanai and
Iba:2003)

@ Grammar model-based EDA-GP (Shan et al:2004)

@ Meta-optimizing semantic evolutionary search (MOSES)
(Looks:2007)
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