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Motivation

From black-box-based to model-based
optimization

Black-box optimization
@ Few or none information about the problem structure

: Optimize and learn a model of the problem
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Motivation

Probabilistic graphical models

Bayesian networks
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(a) Structure (b) Conditional probability table

@ Bayesian network: A probabilistic graphical model in which the graphical
representation is a directed acyclic graph.
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Motivation

From simple to more complex models

Univariate model
n

Pumpa(X) = H p(x;)

i=1

1-order Markov model
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Pmk (X) = P(X1)HP(Xi | Xi—1)
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Motivation

Graphical representation and model complexity

k-order Markov models of different complexity

FERVER VRN
k=0 k=1
k=2 k=3

0. Rodrigues, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Motivation

Probabilistic models capture problem information

@ Which is the role of the variables: Relevant and superfluous variables

How variables interact to influence the function?

Which combinations of values are the most frequent in the good solutions?
Does the problem exhibit any sort of global structure?

Are there symmetric relationships between the variables?

Is the problem structure suitable to be exploited by ML algorithms (e.g., for
inference)?
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Motivation

Motivation: General questions

Probabilistic modeling in MOEAs

@ What can be modeled in MOEAs and what for?
@ How to adapt modeling to different types of MOPs?

@ Advantages and challenges in probabilistic modeling of
MOPs.

@ Which other uses can be given to probabilistic models in
MOEAs?
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Motivation

Probabilistic modeling in multi-objective problems
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Figure: Joint modeling of variables and objectives.
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Motivation

Experiments

@ Goal: Investigate the use of probabilistic modeling in decomposition-based
MOEAs, more specifically, MOEA/D.

@ MOEA/D algorithms: Decompose a MOP into a number (N) of scalar single
objective optimization subproblems [Zhang and Li:2007].

@ Problems are simultaneously optimized in a collaborative manner using the
concept of neighborhood between the subproblems.

Q. Zhang and H. Li. MOEA/D: A multiobjective evolutionary algorithm based on ition. IEEE ions on ionary C jon, 11(6); Pp.
712-731. 2007,
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Motivation

Analyzed scenarios

Problems with different representations

@ Univariate and bivariate models for Bi-trap function and
mUBQP problem.

@ Mallows model for Permutation Flowshop Scheduling
Problem.

@ Gaussian models for continuous MOPs.

M. Z. de Souza, R. Santana, A. T. R. Pozo, and A. Mendiburu. MOEA/D-GM: using probabilistic graphical models in MOEA/D for solving combinatorial
optimization problems. In CoRR, abs/1511.05625, 2015.
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Motivation

Previous work

Using probabilistic models in MOEA/D

@ Mainly univariate models
@ When used for TSP, probability matrices were used

@ Usually a single model is learned for all the subproblems (the complete
population)

V. A. Shim, K. C. Tan, and K. K. Tan: A hybrid estimation of distribution algorithm for solving the multi-objective traveling saleman problem. Proceedings of
CEC-2012, pp. 1-8, 2012.

A. Zhou, F. Gao and G. Zhang: A decomposition based estimation of distribution algorithm for multiobjective traveling saleman problems. Computer and
Mathematics with Applications. Vol.66, No. 10. Pp. 1857-1868, 2013.

1. Giagkiozis, R. C. Purshouse, and P J. Fleming: ition and tropy methods for many-objecti i Science,
Vol. 282. Pp. 363-387, 2014.

B. Wang, X. Hua, and Y. Yuan: Scale adaptive reproduction operator for decomposition based estimation of distribution algorithm. Proceedings of CEC-2015, Pp.
1-8. 2015,

S. Zapotecas-Martinez, B. Derbel, A. Liefooghe, D. Brockhoff, H. E. Aguirre and K. Tanaka: Injecting CMA-ES into MOEA/D. Proceedings of GECCO-2015. Pp.
783-790. 2015.
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Probabilistic modeling in MOEA/D, binary representation

Research goals

Objectives

@ Evaluate the effect of using probabilistic modeling as part
of MOEA/D for solving problems with known and unknown
dependencies

@ Study the benefits of adding higher-order representations
to the models

@ Evaluate the capacity of the model to capture problem
interaction accross the different subproblems
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Probabilistic modeling in MOEA/D, binary representation

Algorithm 1: MOEA/D-GM

1 While a termination condition not met

2 For each subproblem i € 1, ..., N, at each generation
3 Learning()

4 Case GA: Choose two parents x'x2 from B(i)
5 Case UMDA: Learn p' using B(i)

6 Case PBIL: Learn an incremental p’ using B(i)
7 Sampling()

8 Case GA: Apply the crossover and mutation to generate y
9 Case PBIL or UMDA: Sample y using p’

10 Compute the fitness function F(y)

11 Update_Population(Pop, y, R(i))

12 Update_EP(F(y),EP)

13 Return Pop, EP
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Probabilistic modeling in MOEA/D, binary representation

Learning complexity issue

Learning tree structure
@ Step 1: Compute the univariate and bivariate marginal frequencies p;(x;) and
Pik(X;|xk) using the set of selected promising solutions S;

@ Step 2: Calculate the matrix of mutual information using the univariate and
bivariate frequencies;

@ Step 3: Calculate the maximum weight spanning tree from the mutual
information. Compute the parameters of the model.
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Probabilistic modeling in MOEA/D, binary representation

Deceptive bi-objective functions functions

Bi-objective trap problem

5 ifu=5
"ap"’(”)={4—u ifu<5 ()

5 if u=0

2
u—1 ifu>0 @

invtraps(u) = {

@ The bi-objective trap problem comprises unitation functions traps and invtraps
[Pelikan et al: 2005].

@ The number of solutions in the Pareto set is 2/ with / the number of subfunctions./

M. Pelikan, K. Sastry, and D. E. Goldberg. Multiobjective hBOA, clustering and scalability. /liGAL Report No. 2005005, llinois Genetic Algorithms Laboratory,
Urbana, IL, February 2005.
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Probabilistic modeling in MOEA/D, binary representation

mUBQP problem

Unconstrained binary quadratic programming (UBQP)

max F(x ZZq,/x,x,, ke{1,...m}; (3)

=1 j=1

where F(x) = (f(x), ..., fm(X)) is an objective function vector [Liefooghe et al: 2014].

Characteristics

@ For each objective k, a symmetric n x n matrix Q¥ = (q ) is given.

@ A binary vector x = (xq,...,Xn), X; € {0,1} is searched, such that the m
objective functions are maximized.

A. Liefooghe, S. Verel, L. Paquete, and J.-K. Hao. Experiments on local search for bi-obij binary quadratic In y
Multi-Criterion Optimization. Pp. 171-186. Springer, 2015.
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Probabilistic modeling in MOEA/D, binary representation

Characteristics of the MOEA/D approach

Some modeling approaches for MOEAs

@ Number of subproblems controled by H. N = 201

@ The neighborhood size is a parameter of the algorithm which is explored as part
of the experiments

@ Weighted Sum and Tchebycheff approaches evaluated

@ Diversity-preserving sampling is used (if a solution is already in the population it
is not added again)

@ IGD and the number of true Pareto-optimal solutions are used as evaluation
metrics

@ 30 runs for each MOEA/D configuration
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Probabilistic modeling in MOEA/D, binary representation

Results

Average number of true Pareto optimal solutions | P*|

diversity preserving sampling (ds)

U MOEA/D-GA MOEA/D-PBIL  MOEA/D-UMDA  MOEA/D-Tree
30 7 6.267 4.034 4134 6.9
50 11 6.634 2.867 3.2 9.5
100 21 5.334 2.8 3.433 9.367
average IGD measure IGD(P*, P)
30 7 0.371 1.258 1.246 0.053
50 11 1.308 3.4 3.158 0.501
100 21 4142 7.473 6.726 3.359
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Probabilistic modeling in MOEA/D, binary representation
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Figure: Average true Pareto solutions |P*| through the generations
for problem size 50 and 100 with 75 = 20
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Probabilistic modeling in MOEA/D, binary representation

Influence of the neighborhood size
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Figure: Average IGD with different neighborhood sizes for selection

Neighborhood Size
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Permutation representation: MEDA/D-MK framework

Modeling in the space of permutations

Characteristics
0 Permutation problems can not be directly encoded by factorized models due to
the representation constraints
e They are more complex to model with probabilistic distributions

Q Still, exploiting structural regularities could be useful for permutation-based
MOPs

0 Goal: Extend the MOEA/D-GM framework to permutation problems.

0. Rodrigues, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Permutation representation: MEDA/D-MK framework

Modeling the permutation space

Mallows model

@ The Mallows model (Mallows:1957) is a distance-based exponential probability
model defined over permutation spaces.

@ The probability value of every permutation o € S, depends on a spread
parameter 6, and the distance to a central permutation og.

- >
e—0D(o,50)

P(U):W (4)

where 1(0) denotes the normalization constant.
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Permutation representation: MEDA/D-MK framework

Mallows model

0
D‘(u.cu)

Figure: The Mallows model exponential probability distribution.
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Permutation representation: MEDA/D-MK framework

MEDA/D-MK framework

Algorithm 1: MEDA/D-MEK framework

1 Initialize N uniformly distributed weight vectors, and then
Pop = {c',...,a" } randomly or by a problem-specific procedure;

2 Compute every Flo*)

3 Initialize £P with the non-dominated solutions from Pop

4 while a terminafion condition s not met do

ate N initial permmtation solutions

5 for each subproblem k €1,....N do

6 al, 8% « Learn a Mallows model using B(k);

T ¥+ Sample a new solution from P*(a);

8 F(a¥): Compute its objective quality functions;

9 Update Pop: Pop = UpdateNeighbors(o?, n,);

10 Optionally, apply a perturbation in ¢* after a number of generations without it be improved;
11 end for

12 Update the EP: Update EP( Pop, EP)
13 end while
14 Return Pop, EP




Permutation representation: MEDA/D-MK framework

Exemplar permutation problem

Permutation flowshop scheduling problem

The PFSP schedules n jobs with given processing times on m machines, where the
sequence of processing a job on all machines is identical for each job. (Yenisey:2014)

0 All jobs are available at time zero and job can only be processed on, at most,
one machine at the same time.

© Each machine can process only one job at a time

Q Different jobs have the same processing order on all machines

0 The set-up times of the jobs on machines are sequence-independent and are
included in the processing times.

ot

Considered objectives for PFSP

o Minimization of the total flowtime (TFT (o))
© Minimization of the makespan (Cmax (o))

0. Rodrigues, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Permutation representation: MEDA/D-MK framework

MEDA-D/MK

Parameters of the algorithm

Parameter  Description
H Control parameter to generate the weight vectors
N Number of subproblems
M The weight vector associated to the subproblem k
T Neighborhood size
0 The spread parameter from Mallows models
oo The central permutation from Mallows models
nr maximum replacements by a new solution
Q. Zhang and H. Li. MOEA/D: A multiobjective evolutionary algorithm based on iti IEEE ic on ry C

712-731. 2007.

11(6); Pp.

nhanced MOEAs
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Permutation representation: MEDA/D-MK framework

Table: Average HV values obtained by MEDA/D-MK and MOEA/D
using the Weighted Sum and Tchebycheff
Instance Weighted Sum Tchebycheff
MOEA/D"  MEDA/D-MK” MOEA/D! MEDA/D-MK!
20x5 0.8087 0.8728 0.7804 0.8413
20x10 0.8074 0.8757 0.7387 0.8289
20x20 0.8021 0.8577 0.7151 0.7985
50x5 0.8678 0.9242 0.7617 0.8381
50x10 0.7449 0.8378 0.5818 0.6642
50x20 0.7531 0.8544 0.6150 0.6914
100x5 0.8578 0.8892 0.7423 0.8151
100x10 0.7550 0.8161 0.5764 0.6350
100x20 0.7319 0.8344 0.5037 0.5491
200x10 0.8011 0.8258 0.5885 0.6219
200x20 0.7278 0.8101 0.4497 0.4816

0. Rodrigues, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Permutation representation: MEDA/D-MK framework

Table: Comparison between pairs of algorithms according to the HV
measure. Reference sets: A = MEDA/D-MK, B = Minella et. al
best-known, C = Dubois-Lacoste et al. (TP+PLS)

Instances  A-draw-B  A-draw-C  C-draw-B

20x5 2-5-3 1-3-6 6-2-2
20x10 6-3-1 6-3-1 4-2-4
20x20 6-1-3 5-3-2 6-1-3

50x5 9-0-1 0-0-10 10-0-0
50x10 10-0-0 0-0-10 10-0-0
50x20 10-0-0 0-0-10 10-0-0
100x5 9-0-1 3-1-6 10-0-0

100x10 10-0-0 1-0-9 10-0-0
100x20 10-0-0 2-0-8 10-0-0
200x10 10-0-0 9-0-1 10-0-0
200x20 10-0-0 8-0-2 10-0-0

Total 92-9-9  35-10-65 96-5-9

0. Rodrigues, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Permutation representation: MEDA/D-MK framework

Influence of the neighborhood size
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Figure: lllustrative plots of the final approximated PFs by
MEDA/D-MK, Minella et. al best-known and TP+PLS for (a) Ta091,
and (b) Ta101 instances.
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Continuous representation: MOEA/DD-CMA

Modeling problems with continuous
representation

Characteristics

@ Extensively studied area

Q CMA, probably the algorithm that best exploits a “model” of the search space for
single-objective problems

Q A number of combinations of MO approaches and CMA had been proposed

0 Goal: Extend the use and to evaluate effect of probabilistic modeling in this
domain addressing many-objective problems

Q Our approach combines MOEA/D-CMA proposed in (Zapotecas et al. 2015) and
MOEA/DD introduced in (Li et al. 2014)

K. Li, K. Deb, Q. Zhang, and S. Kwong: “Combining domi and in y many-objecti ization". IEEE ions on
Evolutionary Computation. Vol. 19. No. 5. Pp. 694-716. 2015.

S. Zapotecas-Martinez, B. Derbel, A. Liefooghe, D. Brockhoff, H. E. Aguirre and K. Tanaka: Injecting CMA-ES into MOEA/D. Proceedings of GECCO-2015. Pp.
783-790. 2015.
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nuous representation: MOEA/DD-CMA

MOEA/DD-CMA framewo

Algorithm 3: MOEA/DD-CMA

Input: set of weight vectors w = {wl ..... wh }. neighborhood size T
Qutput: population P.
1 [P, B] = initialize() // Parent population P, neighborhood index
set B

2 while stopping criterion not satisfied do

3 fori =1,...,N do

4 resetCriteria(2)

5 A=sampleSolutions()// sample A solutions using Eg. (2)
6 A=mutation(A\)

7 foreach x° € Ado // x° is a sampled solution

8 \ P=updatePopulation( P, x)

9

end
10 end
1 for i =1....,N do
2 S=selectSolutions(B;, P)
%] updateModel({p.”, po*, C*, m", 6", g*). S)
i end
15 g=g+1
16 end

17 return P

es, M. Zangari, et al Model-assisted and Machine Learning-enhanced MOEAs



Continuous representation: MOEA/DD-CMA

Parameters of the algorithm

Table: General parameters used in the experiments.
m=10 | m=15

Parameter m=2 | m=3 m=5 m=8
Iterations 500 | 1000 | 1000 | 1500 | 2000 3000
Weight vectors | 100 91 210 156 275 135
A for DTLZ1 9 9 10 11 11 12
A for DTLZ 2-4 11 11 11 12 12 13
2\ for WFG 13 13 13 14 14 15

@ Neighborhood size: T = 20

@ Probability to select a solution in the neighborhood § = 0.9

@ Polynomial mutation operator applied on 15% of solutions with probability pm = 15
ot

Model-assisted and Machine Learning-enhanced MOEAs
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Continuous representation: MOEA/DD-CMA

Results: Statistical comparison using the HV

=

Mgorbms | WRGL | WEGD | WEGD | WEG4 | WEGS | WRGH | WEGT | WRGE | WFG)
2| MOEAD-CMA | 4350 (200) | 4477 (2.00) | 4530 2.00) | 4367 (200) | 4530 200) | 4530 (200) | 4530 (200) | 4333 200 | 4053 (200)
MOEADD-CMA | 1550 (L00) | 1623 (L00) | 1550 (100) | 1733 (L00) | 1530 (LOD) | 1530 (LOO) | 1550 (L00) | 1767 (100) | 2047 (L0O)
3| MOEAD-CMA | 4350(200) | 4330 (2.00) | 4530 2.00) | 4530 200) | 4530 (200) | 4530 200y | 4550 (200) | 40.50 (200 | 45.50 (200)
MOEADD-CMA | 1530 (L.00) | 15.50 (L00) | 1550 (100) | 1550 (L00) | 15.30 (LOO) | 1550 (LOO) | 1530 (L0O) | 2050 (1.00) | 1550 (LO0)
S| MOEAD-CMA | 4330 (200) | 4530 (2000 | 4477 2.00) | 4330 (200) | 4530 .00y | 4530200y | 4530 200 | 30.30 (200) | 4330 (200)
MOEADD-CMA | (530 (L00) | 1530 (L00) | 1623 (100) | 1550 (L0D) | 1530 (LOD) | 1530 (LO0) | 1550 {L00) | 2470 (100) | 1550 (L00)
§ | MOEAD-CMA | 4350 (200) | 4203 (200) | 4530 (2.00) | 4530 (200) | 1840 (LOO) | 4227 (2.00) | Z270 (L00) | 4323 (200) | 4537 (200)
MOEADD-CMA | 1530 (L00) | 1887 (L00) | 1550 (100) | 1550 (L00) | 4260 (L00) | 1873 (LOO) | 38.30 (200) | 1777 (100) | 1563 (L00)
[0 | MOEAD-CMA | 4530 (200) | 4347 (Z00) | 45.30 (Z.00) | 4350 (Z00) | 15.50 (L00) | 2040 (L0) | 1647 (L0) | 3493 (200) | 4330 200)
MOEADD-CMA | 1530 (L00) | 1755 (L00) | I5.70 (100) | 1550 (L00) | 4550 (L0D) | 40.60 (200} | 433 (200) | 2607 (1.00) | 1550 (L00)

|

f)

5| MOEAD-CMA ?OO(IO STAS CL00) | 3030 (1.30) | 3030 (L30) | 3030130y | 3030(L30) | 3030 (L30) | 030130 | 3030 (130)
MOEADD-CMA | 3030 (130) | 2385 (L00) | 3030 (150) | 3030 (L50) | 3030 (130 | 3030 (L30) | 3030 (L30) | 3030(150) | 030 (150)

0. Rodrigues, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Probabilistic neihgborhoods

Other uses to the models in MOEA/D

Probabilistic neighborhoods

@ In EDASs, probabilistic models can be used as fitness function surrogates

@ The multi-variate Gaussian model can be used as a surrogate of the subproblem
it represents (higher probability, much likely it is a high-fitness solution)

@ Relationships between problems can be assessed using the corresponding
models (similar models, closer solutions)

@ Idea: Instead of considering distance between weight vectors, consider distance
between models

@ Goal: Evaluate different metrics and their relationship in the MOEA/DD-CMA
framework

, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Probabilistic neihgborhoods

Probabilistic neighborhoods

Neighboorhood definitions

@ N2: The quality of model I\71/ regarding a subproblem i is just the likelihood given
by model I\7I/ to the best solution of subproblem /. This is calculated as:
qj = logLikelihood(x;, M)

@ N3: The quality of model IW/ regarding a subproblem i is the correlation between
the log likelihood given by I\7I/ to all solutions in the population, and the scalar
value of each solution in the population calculated using the weight vector of
(w;)

@ N4: Kullback-Leibler divergence between the two multi-variate normal
distribution models M; and M;

, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Probabilistic neihgborhoods

Use of probabilistic neighborhoods

What are probabilistic neighboorhood useful for?

@ To have a relative measure of the quality of each CMA-ES model to represent
solutions in its own neighborhood.

@ To estimate the similarity between models associated to different subproblems

@ To evaluate how the probability assigned by a model to solutions in the
population change according to the distance (as determined by the weight
vectors) between subproblems

@ To implement alternative methods to update the solutions in MOEA-DD/CMA

0. Rodrigues, M. Zangari, et al. Model-assisted and Machine Learning-enhanced MOEAs



Probabilistic neihgborhoods

Probabilistic neighborhoods

T T T
Metric 2.4.3
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Figure: Best value of the metric for correlation between scalarized
function and likelihood
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Probabilistic neihgborhoods

Probabilistic neighborhoods
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Figure: Average likelihood of all models in each generation
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Probabilistic neihgborhoods

Probabilistic neighborhoods

Other probabilistic and control neighboorhoods

@ NO: The original MOEA/D approach.
@ N1: Weighted likelihood.

@ N5: Just a control method. The quality of subproblem j regarding subproblem i is
just the Euclidean distance (in decision space) between the best solutions found
so far for both subproblems.

@ N6: Just a control method. The neighborhoods are randomly updated at each
iteration.

@ N7: Just a control method. The neighborhoods are randomly set at the
initialization of the algorithm and kept this way until the end (they are not
updated).
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Probabilistic neihgborhoods

Results

@ For the DTLZ family of problems the approaches NO, N5 and N3 performed well.

@ For the WFG family they performed very poorly, with the N5 achieving the worst
general rankings considering both indicators.

@ For the WFG problems, N2 outperformed the other approaches.

@ However, for the DTLZ problems, considering the IGD, N2 had the second worst
ranking, tied with N1.

@ Considering the hypervolume, N2 had the absolute worst ranking.

@ Conclusion: The approach used for defining the neighborhood relations between

the subproblems can be an important factor in the algorithms. However, its
selection is highly problem dependent.
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Conclusions

@ The use of probabilistic modeling within the MOEA/D
framework can improve the results of traditional variation
operators for problems with different representations

@ Probabilistic models provide a characterization of the best
solutions in each subproblem

@ They can be used to compare subproblems
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Conclusions

Open questions

@ For problems with many variables and many subproblems,
it is not feasible to learn a model for each subproblem

@ An open question is determining the minimum number of
models required to describe the problem efficiently

@ Traditional learning and sampling methods used in EDAs
should be adapted to the scenario of many related subsets
of solutions

>
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