
MODEL-BASED EVOLUTIONARY ALGORITHMS:
A MACHINE LEARNING APPROACH

Roberto Santana

Intelligent Systems Group
Department of Computer Science and Artificial Intelligence

University of the Basque Country

October 29, 2016

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

Intelligent Systems Group

Research lines
Machine learning.

Optimization.

Parallel architectures.

Bioinformatics

Members
J. A. Lozano

A. Mendiburu

B. Calvo

I. Inza

J. Miguel

R. Santana

5 Postdocs and 5 Ph.D. students.

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

CEC 2017, June 5-9, San Sebastian

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

Index

1 Model-based Evolutionary Algorithms
EAs and machine learning
EDAs: Foundational work

2 Estimation of distribution algorithms
Probabilistic graphical models
A classification of EDAs

3 Recent developments and related work on EDAs
Knowledge extraction, transfer learning, and symmetries
Other methods that exploit problem information
EDA software and some open problems

4 Conclusions

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

EAs and machine learning
EDAs: Foundational work

From black-box-based to model-based
optimization

Black-box optimization

Few or none information about the problem structure

Goal : Optimize and learn a model of the problem

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

EAs and machine learning
EDAs: Foundational work

From black-box-based to model-based
optimization

Black-box optimization

Few or none information about the problem structure

Goal : Optimize and learn a model of the problem

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

EAs and machine learning
EDAs: Foundational work

Pseudocode of a GA

Algorithm 1: Genetic Algorithm

1 Set t ⇐ 0. Generate M solutions randomly.
2 do {
3 Evaluate the points using the fitness function.

4 Select a set DS
t of N ≤ M solutions

5 Create a mating pool from the selected set
6 For each pair of parents in the pool
7 Apply crossover and create two offspring
8 Apply mutation to the offspring
9 t ⇐ t + 1
10 } until Termination criteria are met.
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Pop-based algorithms that learn regularities

Algorithm 2: Learning and using regularities

1 Set t ⇐ 0. Generate M solutions randomly.
2 do {
3 Evaluate the solutions using the fitness function.

4 Select a set DS
t of N ≤ M solutions according to a

selection method
5 Extract regularities from DS

t and use them to generate
new M solutions.

6 t ⇐ t + 1
7 } until Termination criteria are met.
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Model-based EAs

Definition

Use a model of the best solutions.

The model captures, represents, and exploits patterns or regularities relevant to
make the search more efficient.

This tutorial: Key questions for model-based EAs

What regularities or patterns can be identified and exploited?

How to learn these patterns or regularities?

How to represent these patterns?

How to use them to make a more efficient search?

Which type of model-based EAs are available?

When and how to use them?
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Model-based EAs

Some recent approaches

Linkage Tree GA (LTGA): Uses a hierarchical tree to represent the relationship
between FOS (Thierens and Bosman:2010,2011).

Optimal Mixing EA (OMEA). Focus is on identifying Family Of Subsets (FOS) of
interacting variables which are recombined using intermediate function
evaluations (Thierens and Bosman:2011).

Parameter-less Population Pyramid (P3): Solutions are constructed according to
a pyramid-like structure and at each level an LTGA is applied. (Goldman and
Punch:2014).
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Model-based EAs

Previous approaches

Kikuchi approximation model (MN-EDA): Cluster variation approach is used to
identify sets of related variables (maximal cliques and their overlappings) which
are sampled using GS (Santana:2005).

NN-based EDAs: Neural networks are used instead of probabilistic models
(Marti et al: 2008,2010).

Estimation of Distribution Algorithms (EDAs): Probabilistic models are learned
and sampled (Baluja et al. 1993) (Muehlenbein and Paas:1996).
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Model-based EAs and machine learning

Model-based EAs: What we need.

1 Flexible framework to make
predictions.

2 Automatic methods to learn models
from the selected population.

3 Infer promising solutions from models.
4 Incorporate a-priori problem

information when available.
5 Avoid over-fitted models that do not

allow exploration.

Machine learning: What we have.

1 Models for uncertain domains.
2 Efficient methods to learn models

from data.
3 Inference methods that make

predictions.
4 Ways to add a-priori information to a

model.
5 Methods that penalize model

complexity.
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Model-based EAs and machine learning

Which machine learning methods?

1 Clustering methods.
2 Supervised classifiers.
3 Regularization measures and

methods.
4 Gibbs sampling and other statistical

methods.
5 Message passing algorithms.
6 Transfer learning or domain

adaptation methods.

How to use them?

1 Learning groups or interacting
variables.

2 Distinguish between low-fitness and
high-fitness solutions.

3 Avoid over-fitted models.
4 Sample solutions from loopy models.
5 Compute most probable solution of

the problem given the model.
6 Transfer knowledge among different

but related optimization problems.
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Estimation of distribution algorithms (EDAs)

EDAs

Evolutionary algorithms used for optimization.

Instead of using genetic operators, as genetic algorithms do, they use
probabilistic distributions.

Reasons to do research on EDAs

They address some of the limitations of GAs.

They have been successfully applied to a variety of real-world problems.

There is a natural link between EDAs and other machine learning approaches.

Recent focus on methods that learn and exploit regularities, or structural
information about the problems.

They provide solid a theoretical benchmark to investigate the effect of variation
operators.

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

EAs and machine learning
EDAs: Foundational work

EDA applications

EDA applications

Image reconstruction (Ochoa:1999)

Software testing (Sagarna:2004)

MRI magnet design (Yuan et al:2005)

Multispeed planetary transmission design (Simionescu et al:2006)

Multivariate calibration models for quantitative chemical applications (Mendiburu et al:2006)

Dynamic pricing (Shakya et al:2007)

Agricultural biocontrol (Wu et al:2008)

Optimization of cancer chemotherapy (Brownlee et al:2008)

Load dispatch optimization of power systems (Wang et al:2010)

Selection of web services (Cheng et al:2012)

Flowshop scheduling (Ceberio et al:2014)

Topological quantum computing (Santana et al:2014)

Genetic improvement (Garciarena and Santana:2016)
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EDAs

Books
P. Larrañaga and J. A. Lozano, (Eds.) Estimation of distribution algorithms: A new tool for evolutionary
computation. Vol. 2. Springer, 2002.

M. Pelikan. Hierarchical Bayesian Optimization Algorithm. Toward a New Generation of Evolutionary
Algorithms. Studies in Fuzziness and Soft Computing. Vol. 170. Springer. 2005

J. A. Lozano, P. Larrañaga, I. Inza, and E. Bengoetxea (Eds.). Towards a new evolutionary computation:
Advances on estimation of distribution algorithms (Vol. 192). Springer. 2006.

S. Shakya and R. Santana (Eds.). Markov Networks in Evolutionary Computation. Springer. 2012.
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What can the probabilistic models provide?

Knowledge extraction from models

What is the information contained in the models?
Which is the role of the variables: Relevant and superfluous variables

How variables interact to influence the function?

Which combinations of values are the most frequent in the good solutions?

Does the problem exhibit any sort of global structure?

Are there symmetric relationships between the variables?
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Foundational work

Multiple-parents recombination
Instead of using only two parents, use groups of parents, and mix them to create
the offspring.

Model the population and its variation
How to create accurate descriptors of the population and how to model the effect
of the genetic operators?

Enhance GAs to deal with problems with strong
interactions

What is the best way to recombine solutions to avoid the disruption of good
sub-solutions?
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EDAs: Foundational work

Some previous GA work that
led to EDAs

Syswerda (1991): Bit-based simulated crossover
(BSC)

Baluja et al. (1993): Population-based incremental
learning

Mühlenbein and D. Schlierkamp-Voosen (1993):
Breeder genetic algorithm

G. Syswerda,

Simulated crossover in genetic algorithms.
Foundations of Genetic Algorithms, Pp. 239-295.
Morgan Kaufmann. 1993.

S. Baluja and R. Caruana,

Removing the genetics from the standard genetic
algorithm.
Research Report CMU-CS-95-141,
Carnegie-Mellon University. 1995

H. Mühlenbein and D. Schlierkamp-Voosen,

The science of breeding and its application to the
breeder genetic algorithm (BGA),
Evolutionary Computation, Vol. 1, No. 4, Pp.
335-360. 1993
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Foundational work

PBIL

Simpler, both computationally and theoretically than GA

Faster and more effective than GA

Most of the power of the GA may derive from the statistics implicitly maintained
in the population
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Foundational work

Linkage problem

Linkage learning: The process of grouping together functionally (epistatically)
dependent subsets of genes (Newman:2005).

Linkage learning in genetic algorithms (GAs) is the identification of building
blocks to be conserved under crossover (Harik:1999).

Santana Model-based EAs: A machine learning approach
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What is problem structure?

Additive function

f (x) = g1(x1, x3, x5)+g2(x2, x4, x6)

Interaction graph

1 2

3 4

5 6

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions
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EDAs: Foundational work

What is problem structure?

Toroidal grids

Reinforcing

Reversing
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Foundational work

Linkage learning studies

Messy GA: Salient, low-order building blocks, selected in its primordial phase.

The messy GA then acts much like a simple GA, with tight building blocks
combining together to form the optimal solution (Deb:1991).

K. Deb,

Binary and floating-point function optimization using messy genetic algorithms
Ph. D. Thesis, 1991.

D. E. Goldberg, K. Deb, H. Kargupta and G. Harik,

Rapid, accurate optimization of difficult problems using fast messy Genetic Algorithms,
Proceedings of the Fith International Conference on Genetic Algorithms and Their Applications, Pp. 56-64,

G. R. Harik and D. E. Goldberg,

Learning linkage,
Foundations of Genetic Algorithms, Vol. 4, Pp. 247-262. 1996
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What is problem structure?

Additive function

f (x) = g1(x1, x3, x5)+g2(x2, x4, x6)

Disruptive representation

x = (x1, x2, x3, x4, x5, x6)

Less disruptive representation

x = (x1, x3, x5, x2, x4, x6)

Interaction graph

1 2

3 4

5 6
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Foundational work

A summary of relevant results that influenced work on
EDAs

Mixing information from several parents can accelerate
convergence.

A population can be efficiently represented using a model.

Models can serve to represent a map of variables
interactions.

The evolution of probabilities as a way to predict the
behavior of the evolutionary search.
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Pseudocode of an EDA

Algorithm 3: Estimation of distribution algorithm

1 Set t ⇐ 0. Generate M solutions randomly.
2 do {
3 Evaluate the solutions using the fitness function.

4 Select a set DS
t of N ≤ M solutions.

5 Learn a probabilistic model of DS
t .

6 Generate M new solutions sampling from the model.
7 t ⇐ t + 1
8 } until Termination criteria are met.

P. Larrañaga and J. A. Lozano, (Eds.) Estimation of distribution algorithms: A new tool for evolutionary computation. Vol. 2. Springer, 2002.
J. A. Lozano, P. Larrañaga, I. Inza, and E. Bengoetxea (Eds.). Towards a new evolutionary computation: Advances on estimation of distribution algorithms (Vol.
192). Springer. 2006.

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

Probabilistic graphical models
A classification of EDAs

Evolution of probabilities

Dt

Selection ρs
t (x)

Learning ρa
t (x)

Sampling
Dt+1

Figure : Dt , Dt+1: populations at generation t and t + 1; ρs
t (x), ρ

a
t (x):

Joint probability distributions determined by selection and the
probabilistic model approximation.
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Problem formulation

Problem representation

X = (X1, . . . ,Xn) represents a possible solution and n is
the number of variables.

Xi takes values in {0, 1}.

The function to optimize is f (x) =
∑

i xi .

Example
n = 8

x = (0, 0, 1, 1, 0, 0, 1, 1) and y = (1, 1, 1, 1, 0, 0, 1, 1)

f (x) = 4 and f (y) = 6.
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EDA example: UMDA

x1 x2 x3 x4 x5 x6 x7 x8

Initial population

0 0 1 0 0 1 0 0
1 0 0 0 1 1 1 0

1 0 1 0 1 1 1 0
0 1 0 0 1 1 0 0

0 1 1 0 1 1 1 0

0 0 1 0 0 1 0 0
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EDA example: UMDA

x1 x2 x3 x4 x5 x6 x7 x8 f (x)

Evaluated initial population

0 0 1 0 0 1 0 0
1 0 0 0 1 1 1 0

1 0 1 0 1 1 1 0
0 1 0 0 1 1 0 0

0 1 1 0 1 1 1 0

0 0 1 0 0 1 0 0

2
4

5
3

5

2
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EDA example: UMDA

x1 x2 x3 x4 x5 x6 x7 x8

Truncation selection (T = 0.5)

f (x)

0 0 1 0 0 1 0 0 2

1 0 0 0 1 1 1 0

1 0 1 0 1 1 1 0

4

5
0 1 0 0 1 1 0 0 3

0 1 1 0 1 1 1 0 5

20 0 1 0 0 1 0 0
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EDA example: UMDA

Selected population

1 0 0 0 1 1 1 0

1 0 1 0 1 1 1 0

4

5

0 1 1 0 1 1 1 0 5

Probabilistic model: p(xi = 1)
p(x1)p(x2)p(x3)p(x4)p(x5)p(x6)p(x7)p(x8)

0.66 0.33 0.66 0 1 1 1 0

Santana Model-based EAs: A machine learning approach
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EDA example: UMDA

Selected population

1 0 0 0 1 1 1 0

1 0 1 0 1 1 1 0

4

5

0 1 1 0 1 1 1 0 5

Probabilistic model
p(x1)p(x2)p(x3)p(x4)p(x5)p(x6)p(x7)p(x8)

0.66 0.33 0.66 0 1 1 1 0

New sampled population

0 0 1 0 1 1 0 0
1 0 0 0 1 1 1 0

1 1 1 0 1 1 1 0
1 1 1 1 1 1 1 0

1 1 1 0 1 1 1 0

0 0 1 0 0 1 1 1
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Probabilistic graphical models

PGMs
A probabilistic graphical model (PGMs) for X = (X1,X2, . . . ,Xn)
encodes a graphical factorization of a joint probability
distribution p(x)

It has two components:
A structure S (e.g. directed acyclic graph for Bayesian networks).
A set of local marginal probability values.

S represents a set of conditional independence assertions
between the variables.
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Probabilistic graphical models

Bayesian networks

Bayesian network: A probabilistic graphical model in which the graphical
representation is a directed acyclic graph. X1 ∈ {1, 2}, X2 ∈ {1, 2, 3}, and
X4 ∈ {1, . . . , 5}.
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Probabilistic graphical models

Characteristics

Discrete, continuous and mixed representation require different models.

Differ in the semantics and the expressiveness of the relationships they can
represent.

More expressive models are generally more computationally costly.

Other PGMs used in EDAs

Markov networks

Dependency trees

Gaussian networks

Mixtures of distributions

Factor graphs

Copula-based vines

Santana Model-based EAs: A machine learning approach
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Markov network. Example

1 2 3

4

7 6 5

Figure : Undirected graph with 4 maximal cliques

H(x) = Φ1(x{1,2,6,7}) + Φ2(x{2,3}) + Φ3(x{5,6}) + Φ4(x{3,4,5})
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EDA classification according to PGMs

Univariate models
Variables are independent

No interaction is modeled

Very efficient model

p(x) =
∏

i p(xi)

Multivariate models
Can represent variables
interactions

Variables are grouped into
factors

Santana Model-based EAs: A machine learning approach
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EDAs that use univariate models

Univariate models
Variables are independent and interaction is modeled.

Very efficient model.

Can solve functions with weak interactions: (e.g. g(x) =
∏

i xi +
∑

i xi ).
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EDAs that use multivariate models

Classification according to models
EDAs with singly-connected models: The strongest interactions of the problem
are between pairs of variables.

EDAs that use multivariate models non-overlapping factors: Use them when
interacting variables are clearly grouped into non-overlapping sets.

EDAs that use multivariate models with overlapping factors: Use them when
problem is complex, with intricate interactions that can not be covered with
simpler models.

EDAs that use mixtures of distributions: Use when there exist context-dependent
interactions between variables or clustering of solutions is expected to work well.

Santana Model-based EAs: A machine learning approach
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Evolution of probabilities

Dt

Selection ρs
t (x)

Learning ρa
t (x)

Sampling
Dt+1

Figure : Dt , Dt+1: populations at generation t and t + 1; ρs
t (x), ρ

a
t (x):

Joint probability distributions determined by selection and the
probabilistic model approximation.
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From simple to more complex models

Univariate model

pUMDA(x) =
n∏

i=1

p(xi )

1-order Markov model

pMK (x) = p(x1)
n∏

i=2

p(xi | xi−1)

Tree model

pTree(x) =
n∏

i=1

p(xi | pa(xi ))

Santana Model-based EAs: A machine learning approach
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k-order models of different complexity

k-order Markov models of different complexity

k-order Markov model

pMK (x) = p(x1, . . . , xk+1)
n∏

i=k+2

p(xi | xi−1, . . . , xi−k )

Santana Model-based EAs: A machine learning approach
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Protein folding of HP sequences

Figure : The position of residue Xi depends on the position of the k
previous residues.

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

Probabilistic graphical models
A classification of EDAs

Tree model

Tree model

pTree(x) =
n∏

i=1

p(xi | pa(xi))

Santana Model-based EAs: A machine learning approach
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EDAs that use multivariate models

EDAs with singly-connected models
Mutual information maximization for input clustering (MIMIC) (De Bonet et al:
1997)

Combining optimizers with mutual information trees (COMIT) (Baluja and Davies:
1997)

Bivariate marginal distribution algorithm (BMDA) (Pelikan and
Muehlenbein:1998)

Tree estimation of distribution algorithm (Tree-EDA) (Santana et al:1999)

k-order Markov model (Mk-EDA) (Santana et al:2004)
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EDAs with singly-connected models

Tree-EDA
Algorithm 4: Tree-EDA

1 D0← Generate M individuals randomly

2 l = 1

3 do {

4 Ds
l−1← Select N ≤ M individuals from Dl−1 according to a selection method

5 Compute the univariate and bivariate marginal frequencies ps
i (xi |D

s
l−1) and ps

i,j (xi , xj |D
s
l−1) of Ds

l−1

6 Calculate the matrix of mutual information using bivariate and univariate marginals.

7 Calculate the maximum weight spanning tree from the matrix of mutual information.

8 Compute the parameters of the model.

9 Dl ← Sample M individuals (the new population) from the tree and add elitist solutions.

10 } until A stop criterion is met

Santana Model-based EAs: A machine learning approach
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EDAs that use multivariate models

Multivariate EDAs with non-overlapping factors

Extended compact genetic algorithm (ECGA) (Harik:1999)

Dependency structure matrix genetic algorithm (DSMGA:2004)

Affinity propagation EDA (Aff-EDA) (Santana et al:2008)
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EDAs with non-overlapping factors

ECGA
Algorithm 5: ECGA structural learning

1 Define each factor as composed of a single variable
2 do {
3 For each pair of factors
4 Merge the two factors
5 Evaluate the MDL metric of the current model
6 Undo merging
7 Select the merging action that improved the MDL the

most
8 } until No further improvement in the metric is achieved

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

Probabilistic graphical models
A classification of EDAs

EDAs with multiply-connected models

EDAs based on Bayesian networks

Estimation of Bayesian networks algorithm (EBNA) (Etxeberria and
Larranhaga:1999)

Bayesian optimization algorithm (BOA) (Pelikan et al:1999)

Learning factorization distribution algorithm (LFDA) (Muehlenbein and
Mahnig:2001)

Hierarchical Bayesian optimization algorithm (hBOA) (Pelikan:2002)

Estimation of Dependency Networks Algorithm (EDNA) (Gamez et al:2007)

EDAs based on Markov networks

Markov network optimization algorithm (MNFDA) (Santana:2004:2005)

Distribution estimation using Markov network (DEUM) (Shakya:2005)

Effective distribution estimation through Markov Random Fields (Alden:2007)

Markov optimization algorithm (MOA) (Shakya and Santana:2008)
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MN-FDA

Algorithm 6: MN-FDA

1 Set t ⇐ 0. Generate N ≫ 0 points randomly.
2 do {
3 Evaluate the points using the fitness function.

4 Select a set DS
t of k ≤ N points according to a selec-

tion method.
5 Learn an undirected graphical model from DS

t .
6 Generate the new population sampling from the

model.
7 t ⇐ t + 1
8 } until Termination criteria are met
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MN-FDA

Algorithm 7: Model learning in MN-FDA

1 Learn an independence graph G using the G-test.
2 If necessary, refine the graph.
3 Find the set L of all the maximal cliques of G.
4 Construct a labeled JG from L.
5 Find the marginal probabilities for the cliques in the JG.
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EDAs for problems with continuous representation

Approaches
Gaussian-based models (Sebag and Ducoulombier:1998) (Bosman and
Thierens:2000).

Histogram-based algorithms (Tsutsui et al:2001).

Other probabilistic distributions, e.g. Cauchy distribution, (Posik:2007).

Copulas and vines (Wang et al:2009).

Principal component analysis (Ding et al.:2008)

CMA-ES (Hansen: 2011) ?

Random projections (Kaban et al. 2013)
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EDAs for problems with continuous representation

Gaussian modeling
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Univariate Gaussian modeling of the variables (Sebag and Ducoulombier:1998)

Q(xi ) = N (µ, σ)

µt+1 = (1− α)µt + α xmax , α ∈]0, 1[

Different alternatives to update σ
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EDAs for problems with continuous representation

Univariate and singly-connected models
Stochastic hill climbing with learning by vectors of normal distributions (SHCwL)
(Rudlof and Köppen:1996)

Continuous population based incremental learning (PBILc ) (Sebag and
Ducoulombier:1998)

Continuous univariate marginal distribution algorithm (UMDAc ) (Larrañaga et
al:2000)

Continuous mutual information maximization for input clustering (MIMICG
c )

(Larrañaga et al:2000)
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EDAs for problems with continuous representation

Multivariate models
Iterated density estimation evolutionary algorithm (IDEA) (Bosman and
Thierens:2000)

Estimation of multivariate normal algorithm (EMNA) (Larrañaga and
Lozano:2001)

Estimation of Gaussian network algorithm (EGNA) (Larrañaga and Lozano:2001)

Eigenspace EDA (EDDA) (Wagner et al:2004)

Adapted Maximum-Likelihood Gaussian Model IDEA (AMaLGam) (Bosman and
Thierens:2008)

Regularized continuous EDA (Reg-EDA) (Karshenas et al:2013)
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EDAs for permutation problems

Permutation problems

P(σ) = ψ(θ)−1 exp(−θD(σ, σ0))
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EDAs for multi-objective optimization

EDAs
Multi-objective BOA (Khan et al:2002,Laumanns and Ocenasek:2002,Pelikan et
al:2005)

Multi-objective mixture-based IDEAs (Thierens and Bosman:2001)

Multi-objective Parzen-Based EDA (Costa and Minisci:2003)

Voronoi-based EDA multi-objective optimization (Okabe et al:2004)

Multi-objective UMDA (Zinchenko et al:2007)
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Multi-objective EBNA

1 BN0← (S0, θ
0) where S0 is an arcless dag and θ

0 is uniform

2 p0(x) =
∏n

i=1 p(xi ) =
∏n

i=1
1
ri

3 D0← Sample M individuals from p0()

4 t← 1

5 do {

6 DSe
t−1← Select N individuals from Dt−1 using Pareto-ranking selection.

7 S∗

t ← Use local search to find one network structure that optimizes scoring metric

8 θ
t← Calculate θt

ijk using DSe
t−1 as the data set

9 BNt ← (S∗

t , θt )

10 Dt ← Sample M individuals from BNt

11 } until Stop criterion is met
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EDAs for multi-objective optimization

Recent results
Joint modeling of variables and objectives
(Karshenas,Santana,Bielza,Larranaga:2014)

Decomposition-based MOEA with graphical models (MOEA/D-GM)
(Zangari,Santana,Mendiburu,Pozo:2016)

Joint modeling of variables, objectives, and parameters of the local search
(Martins et al:2016)
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Probabilistic modeling in multi-objective problems

Figure : Joint modeling of variables and objectives.

H. Karshenas. Regularized model learning in EDAs for continuous and multi-objective optimization. Ph. D. Thesis. Technical University of Madrid. 2013.

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective optimization with joint probabilistic modeling of objectives and variables. Proceedings of
the Evolutionary Multi-Criterion Optimization Conference. pp. 298-312. 2011

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective estimation of distribution algorithm based on joint modeling of objectives and variables.
IEEE Transactions in Evolutionary Computation 14 (4). pp. 519-542. 2014.
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Algorithm 8: MOEA/D-GM

1 While a termination condition not met

2 For each subproblem i ∈ 1, ...,N, at each generation

3 Learning()

4 Case GA: Choose two parents x1x2 from B(i)

5 Case UMDA: Learn pi using B(i)

6 Case PBIL: Learn an incremental pi using B(i)

7 Sampling()

8 Case GA: Apply the crossover and mutation to generate y

9 Case PBIL or UMDA: Sample y using pi

10 Compute the fitness function F (y)

11 Update_Population(Pop, y, R(i))

12 Update_EP(F (y),EP)

13 Return Pop,EP
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Uncovering and exploiting problem information

Problem cases
EDAs as network generators.

Using problem symmetries in EDAs.

Methods for transfer learning between optimization
problems.
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EDAs as network generators

EDAs generate dynamic networks

1 Extract structural components of the
models

2 Compute the topological measures on
the networks

3 Train the classifiers using the
network-derived measures as
features

4 Classify networks generated in the
solution of unknown problems
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Symmetric problems

Goals
To identify and use symmetries in an optimization problem to increase the
efficiency of an EDA.

To characterize the impact of symmetries in the behavior of EDAs.

Challenges
Largely unexplored area in evolutionary algorithms.

Symmetric problems can have massive number of local optima.

Symmetry detection algorithms from analysis of solutions can be
computationally expensive.
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Learning and using symmetries

How to identify and use symmetries in the problem?

Which types of symmetries are in the problem? Variables
symmetries and value symmetries.

Symmetry learning from data and models?

How to use the symmetries to sample more efficiently?

Could symmetries be used for adjusting the
representation?
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Learning and using symmetries

Figure : Skeleton and side chains found by an EDA for the tetramer
pdb1d2e.
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A benchmark for symmetric problems

Symmetric Ising lattice

Reinforcing

Reversing
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Learning and using symmetries

How to identify and use symmetries in the problem?
1 EDA: No symmetry use: Tree-EDA, evolving values for all D2

0 × 22NC variables.

2 EDA+basicblock: Trivial symmetry use: Only D2
0 variables for one symmetric

component are evolved, and are replicated 22NC times before evaluation;
selection and learning use only the original D2

0 variables.

3 EDA+block: Partial symmetry use: Before learning, each individual is
deconstructed. All symmetric components of the solution are treated as copies
of one single symmetric component.

4 EDA+blockperm: Separate model is learnt for each symmetric component using
the original population size. During sampling, a random permutation of the
models is used to sampled each symmetric component.

R. Santana R. I. McKay, J. A. Lozano. Symmetry in Evolutionary and Estimation of Distribution Algorithms. Proceedings of the 2013 CEC Conference. pp
2053–2060. 2013.

S. Picek, R. I. McKay, R. Santana, T. D. Gedeon. Fighting the Symmetries: The Structure of Cryptographic Boolean Function Spaces. Proceedings of the 2015
GECCO Conference. pp 2053–2060. 2015.

S. Picek, R. Santana, D. Jakobovic. Maximal Nonlinearity in Balanced Boolean Functions with Even Number of Inputs, Revisited. Proceedings of the 2016 CEC
Conference. In Press. 2016.
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Results for EDAs that use symmetry information
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Transfer Learning

Questions
Transfer learning: How to utilize data from different time
periods or domains to help the current learning task.

General goal: Transferring knowledge or information
across domains or tasks.

Use in optimization: Transferring knowledge acquired in
the solution of a given instance to another instance of the
same problem or related problem.

D. Xing, W. Dai, G. Xue, and Y. Yu. Bridged refinement for transfer learning. Proceeding of the Knowledge Discovery in DatabasesConference. PKDD-2007. pp.
324–335. 2007.

A Survey on Transfer Learning. J. Pan and Q. Yang. IEEE Transactions on Knowledge and Data Engineering 22 (10). Pp. 1345–1359. 2010.
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Transfer Learning

Questions
What information extract from
the problems?

How to define relatedness
between problems?

How to transfer the available
information?

R. Santana, A. Mendiburu, and J. A. Lozano. Structural transfer using EDAs: An application to multi-marker tagging SNP selection. In Proceedings of CEC-2012.
1-8. (Best Paper CEC-2012). 2012.

R Santana, R Armañanzas, C Bielza, and P Larrañaga. Network measures for information extraction in evolutionary algorithms. International Journal of
Computational Intelligence Systems. 6 (6), pp. 1163-1188. 2013.
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Transfer Learning

Transfer Learning for
Optimization

Transfer of solutions

Structural transfer

Behavioral or algorithmic
transfer

Combined transfer
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TagSNPs Selection Problem

Figure : Single-nucleotide polymorphisms.

R. Santana, A. Mendiburu, N. Zaitlen, E. Eskin, and J. A. Lozano. Multi-marker tagging single nucleotide polymorphism selection using estimation of distribution
algorithms. Artificial Intelligence in Medicine. 50 (3). 193–201. 2010.
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TagSNPs Selection Problem

If an individual carries out a SNP then, with high probability
will carry out another “close” SNP.

The value of one SNP can be used to predict the value of
other SNP.

TagSNP selection problem:

Given a set of SNPs, find the minimum subset that
can be used to predict the rest of SNPs.

Prediction ability is given in terms of correlation.
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Datasets
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Aggregated Interactions for transfer learning
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Variants for structural transfer

Aggregated interactions ( Tn1)

Combine the interactions between any pair of SNPs in
problem i that were detected in any of the other SNP
datasets.

Pure transfer ( Tn2)

This implementation is identical to Tn1 but information
about the interactions in problem i is not included in the
aggregation matrix.
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Tree-EDA

1 D0 ← Generate M individuals randomly
2 l = 1
3 do {
4 Ds

l−1 ← Select N ≤ M individuals from Dl−1 according to a selection
method

5 Compute the univariate and bivariate marginal frequencies
ps

i (xi |Ds
l−1) and ps

i,j (xi , xj |Ds
l−1) of Ds

l−1

6 Calculate the matrix of mutual information using
univariate and bivariate marginals

7 Calculate the maximum weight spanning tree from
the matrix of mutual information

8 Compute the parameters of the model
9 Dl ← Sample M individuals (the new population) from the tree

10 } until A stop criterion is met
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Transfer Learning Results
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Extracting and exploiting problem information

Other approaches

Linkage identification by probe methods (Zhou et al.: 2007)

Exploratory landscape analysis. (Mersmann et al: 2011)

Markov network modelling as part of DEUM (McCall and Brownlee:2012)

Gray-box optimization (Whitley et al.: 2013-2015)

Other model-based evolutionary algorithms. (Thierens and Bossman:
2013-2015)

S. Zhou, Z. Sun, and R. B. Heckendorn

Extended probe method for linkage discovery over high-cardinality alphabets
Proceedings of the GECCO-2007 Conference Pp. 1484-1491. ACM. 2007.

O. Mersmann, B. Bischl, H. Trautmann, M. Preuss, C., Weihs, and G. Rudolph

Exploratory landscape analysis
Proceedings of the GECCO-2011 Conference Pp. 829-836. ACM. 2011.

R. Tinos, D. Whitley, and F. Chicano.

Partition crossover for pseudo-boolean optimization.
Proceedings of FOGA-XIII. Pp.137–149. ACM. 2015.
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Gray-box optimization

Gray-box problems

The structure of the problem is known. Decomposable
problem with “limited” number of non-linear interactions.

Gray-box functions

An additively decomposable function of n variables.

M subfunctions of bounded order k and M = O(n).

In some cases, ∀i ,
∑

k I(Xi ∈ fk ) ≤ c.

Gray-box optimization

An algorithm that uses the information of a gray-box
problem to make a more efficient search.
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Gray-box optimization and EDAs

Some commonalities

Gray-box EDAs EDAs Gray-box

Mk landscape problem k-order ADF 4 3

structure-aware mutation BB-wise mutation 1 2

variable interaction graph interaction graphs 1 3,4

Localized Mk landscapes k-order ADF with 5 3

bounded tree-width

1 F. Chicano, D. Whitley, and A. M. Sutton. Efficient identification of improving moves in a ball for pseudo-boolean problems. In Proceedings of the 2014 GECCO
Conference, pp. 437–444. 2014.

2 K. Sastry and D. E. Goldberg. Designing competent mutation operators via probabilistic model building of neighborhoods. In Proceedings of the 2004 GECCO
Conference, pp. 114–125. 2004.

3 H. Mühlenbein, T. Mahnig, and A. Ochoa. Schemata, distributions and graphical models in evolutionary optimization. Journal of Heuristics, Vol.5 No. 2. pp.
213–247, 1999.

4 D. Whitley and W. Chen. Constant time steepest descent local search with look-ahead for NK-landscapes and MAX-kSAT. In Proceedings of the 2012 GECCO
Conference, pp. 1357–1364. 2012.

5 D. Whitley. Mk landscapes, NK landscapes, MAX-kSAT: A proof that the only challenging problems are deceptive. In Proceedings of the 2015 GECCO
Conference, pp. 927–934. 2015.
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Survey of EDA software

Available EDA implementations
Identifier Reference Language

MBOA, AMBOA [48,49] C++
BOA [51,52,53] C++

Tree-EDA [58] C++
RM-EDA [84] C++,M

Hybrid-EDA [83] C++,M
MATEDA-2.0 [65,67] M

ECGA [34,35,69,70] C++,M
LiO [40] Java

Evoptool [79] C++
AMALGAM [7] C
ParadisEO [11,77] C++

gtEDA [29] M

Table : Description of surveyed EDA software implemented in C,
C++, Matlab (M) and Java [Only software available online was considered].
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Software development

Making software available

Mateda: A Matlab package for EDAs.

Adding EDA modules to problem-domain software packages.

Santana et al:2010

Mateda-2.0: Estimation of distribution algorithms in MATLAB.
Journal of Statistical Software

Su and Cho: 2011

Performance evaluation of an EDA-based large-scale plug-in hybrid electric vehicle charging algorithm.
IEEE Transactions on Smart Grids

Armananzas et al: 2012

Peakbin selection in mass spectrometry data using a consensus approach with estimation of distribution
algorithms.
IEEE/ACM Transactions on Computational Biology and Bioinformatics (TCBB)
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Open problems

Sampling methods for loopy structures

Question: How to sample solutions from a model in an efficient way?

Sampling methods for loopy structures

Probabilistic logic sampling (Baluja and Davies: 1997).

Blocked Gibbs sampling (Santana and Muhlenbein:2002).

Gibbs sampling with clique-based decompositions (Santana:2005).

Belief propagation (Mendiburu et al:2007).

Intermediate function evaluations (inside variation) in OMEA (Thierens and
Bosman:2011,2012)

Other message passing algorithms and decimation methods (Santana et
al:2015)
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Open problems

Characterization of easy and difficult problems for EDAs

Question: Which classes of problems are easy (difficult) for EDAs?

Characterization of easy and difficult problems for EDAs

Taxonomy of EDAs based on the evolution of probabilities (Echegoyen et
al:2013,2015).

Structural coherence of problem and algorithms (Brownlee et al:2015)

C. Echegoyen, A. Mendiburu, R. Santana, J. A. Lozano. On the Taxonomy of Optimization Problems Under Estimation of Distribution Algorithms. Evolutionary
Computation, Vol. 21. No. 3. pp. 471–495. 2013.

C. Echegoyen, R. Santana, A. Mendiburu, J. A. Lozano. Comprehensive characterization of the behaviors of estimation of distribution algorithms. Theoretical
Computer Science, Vol. 598. pp. 64–86. 2015.

A. Brownlee, J. McCall, L. Christie. Structural Coherence of Problem and Algorithm: An Analysis for EDAs on all 2-bit and 3-bit Problems. Proceedings of
CEC-2015. IEEE Press.
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Open problems

Finding models for constrained problems

Question: How to simultaneously represent in the model the problem interactions
and variables constraints?

Dealing with constrained problems

Problems with unitation constraints (Santana and Ochoa:1999, Lozada-Chang
and Santana:2011)

R. Santana and A. Ochoa. Dealing with constraints with estimation of distribution algorithms: The univariate case. Proceedings of the Second Symposium on
Artificial Intelligence (CIMAF-99). Pp. 378-384. 1999

LV. Lozada-Chang and R. Santana. Univariate marginal distribution algorithm dynamics for a class of parametric functions with unitation constraints. Information
Science. Vol. 181. No. 11. Pp. 2340-2355. 2011.
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Conclusions

Take-home messages

Better understanding of the problem and the behavior of the algorithm as
important as producing better results.

Probabilistic modeling in optimization has a great potential for understanding and
exploiting problem structure.

The use of a priori information, problem modeling, and information extraction
open new possibilities for addressing real-world problems.

Transfer learning between problems and automatic detection of the symmetric
structure are also promising trends.
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Side chain placement problem

Goals
Solve the protein side chain placement problem for proteins where
state-of-the-art methods fail.

Extract information about the problem characteristics from the constrastive
analysis of solutions produced by different EDAs.

Challenges
The number of variables can be very large (up to 1982).

The cardinality of variables is different in every case and high (up to 81 values by
variable).

The fitness function is not always accurate.
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Protein folding

Definitions
A protein is a sequence of aminoacids

Protein sequences fold into a native
3-d structure

The native structure of a protein is the
one for which the free energy is
minimum

Laws that govern protein folding are
unknown
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Proteins

Proteins in detail
Side chains join to the backbone forming dihedral angles.

Rotamer: single side chain conformation represented by a
set of discrete values.

Figure : From left to right: original pdb1mrj protein structure, its
skeleton, and the side chains.
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Rotamers and rotamer libraries

Characteristics
A rotamer library is a collection of rotamers for each
residue type.

Rotamer libraries can be backbone-independent or
backbone-dependent.

The optimization problem is ’reduced’ to the search of the
optimal rotamer configuration for each residue.
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Representation

Energy function

Let Ki be the number of feasible rotamer configurations for
residue xi

E(xi) is the energy interaction between the rotamer and
the backbone

E(xi , xj) is the interaction energy between the couple of
rotamers

E(x) =
n∑

i=1

E(xi) +

n−1∑

i=1

n∑

j>i

E(xi , xj)
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Integrated optimization approach

Steps for the solution of the problem

Problem reduction: Dead-end elimination algorithm
(DeMaeyer et al: 2000)

Global search: UMDA

Solution refinement: Variable neighborhood search (VNS)
(Mladenovic and Hansen: 1997)
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Experimental results

Protein benchmark
325 X-ray crystal structures with a resolution better than or
equal to 2

The size of the proteins between 7 and 1982 residues

Results achieved by the Side-chain PRediction INference
Toolbox are taken as a reference
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Experimental results

Results for the protein benchmark
UMDA UMDA + VNS

pdb id best S mean ± σ best S mean ± σ

pdb1buu 200.23 12 200.70± 0.30 200.23 50 200.23± 0.00
pdb1bv1 132.54 50 132.54± 0.00 132.54 50 132.54± 0.00
pdb1ema 286.39 48 286.47± 0.37 286.39 49 286.41± 0.10
pdb1et9 227.14 16 227.66± 1.20 226.79 22 226.90± 0.09
pdb1h6h 97.95 15 98.44± 0.34 97.95 50 97.95± 0.00
pdb1hh8 374.63 1 414.96± 2.71 370.16 50 370.16± 0.00
pdb1mrj 232.66 3 239.23± 3.08 232.66 36 232.86± 0.31
pdb2fcr 236.28 50 236.28± 0.00 236.28 50 236.28± 0.00
pdb2ilk 138.54 50 138.54± 0.00 138.54 50 138.54± 0.00
pdb2tir 92.60 50 92.60± 0.00 92.60 50 92.60± 0.00
pdb3kvt 163.96 33 164.15± 0.34 160.50 50 160.50± 0.00

Table : Results achieved by UMDA and UMDA+VNS
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Protein pdb1tk

Figure : Skeleton and best side chain configurations found by the EDAs. (Left):
Tree-EDA. (Right): Tree-EDAr .
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Lessons from the protein sidechain problem

Lessons
Usually, univariate models can produce satisfactory results.

Using problem information (e.g. by means of seeding
techniques) can be essential.

Adding local optimizers might be a requirement of
convergence.

Analysis of the models can unveil knowledge of the
problem previously unknown.

R. Santana, P. Larrañaga and J. A. Lozano

Side chain placement using estimation of distribution algorithms.
Artificial intelligence in medicine, Vol. 39, No. 1, Pp. 49-63. 2007.
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EDAs for problems with continuous representation

Copula-based models

EDAs based on Archimedean copulas (Wang et al:2009)

EDAs based on Gaussian copulas (Wang et al:2009a)

Two copula-based EDAs with Gaussian and Frank copulas (Salinas et al:2009)

EDAs based on empirical copulas (Cuesta-Infante et al:2010)
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Markovian optimization algorithm

Algorithm 9: MOA

1 Set t ⇐ 0. Generate M points randomly

2 do {

3 Evaluate the points using the fitness function

4 Select a set DS
t of N ≤ M points according to a selection method

5 Estimate the structure of a Markov network from DS
t

6 Estimate the local Markov conditional probabilities, p(xi |Ni ), for each variable
Xi as defined by the undirected structure

7 Generate M new points sampling from the Markov network

8 t ⇐ t + 1
9 } until Termination criteria are met

Santana Model-based EAs: A machine learning approach



Index
Model-based Evolutionary Algorithms
Estimation of distribution algorithms

Recent developments and related work on EDAs
Conclusions

Factor graph

A 2

31

4

5

B

Figure : Factor graph. Factor nodes are named by capital letters starting from A, and
variable nodes by numbers starting from 1. In this example, there are two factor nodes:
Factor A, linked to variables X1, X2, X3; and factor B linked to variables X2, X3, X4, X5.
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