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Motivation

Related questions

Identifying domains of difficulty for evolutionary algorithms
(EAs).

Which are the domain of difficulty for multi-objective
problems (MOPs)?

How to build difficult problem instances?

Benchmarking approaches to MOPs.
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Motivation

Benchmarking approaches. Continuous representation

DTLZ benchmark: Different characteristic features of the PFs (e.g. disconnected,
local Pareto-optimal fronts are parallel to the global PF, etc.) [Deb et al:2005].

Walking Fish Group (WFG): MOPs with different facets of difficulty. Pareto
optimal geometry, parameter dependencies, bias, importance, modality [Huband
et al: 2006].

COCO (COmparing Continuous Optimisers): Bi-objective continuous functions
combining different domains of difficulty: separable, moderate, ill-conditioned,
multi-modal, weakly-structured [Hansen et al:2016].

K. Deb, L. Thiele, M. Laumanns, and E. Zitzler. Scalable test problems for evolutionary multiobjective optimization. In Evolutionary Multiobjective Optimization,
Advanced Information and Knowledge Processing, pages 105–145. Springer London, 2005.

N. Hansen, A. Auger, O. Mersmann, T. Tusar, and D. Brockhoff, COCO: A platform for comparing continuous optimizers in a black-box setting, CoRR, vol.
abs/1603.08785, 2016.

S. Huband, P. Hingston, L. Barone, and L. While. A review of multiobjective test problems and a scalable test problem toolkit. Evolutionary Computation, IEEE
Transactions on, 10(5):477–506, 2006.
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Previous work

Problem difficulty. Discrete representation

Facets of problem difficulty, single-objective: Crosstalk, multimodality, isolation
and deception [Goldberg:1993]

Royal Road function [Forrest and Mitchell:1993]

Deceptive MOPs: The bi-objective trap problem based on unitation functions
[Pelikan et al: 2005]

MNK-landscape influence several characteristics of the fitness landscape, like th
size of the Pareto front and the number of fronts [Aguirre and Tanaka:2007]

ρMNK-landscapes: The epistatic structure is the same for all the objectives, and
the local fitness functions are not independent. [Verel et al: 2013]

D. E. Goldberg. Making genetic algorithms fly: A lesson from the Wright brothers. Advanced technology for developers. Annals of Mathematics and Artificial
Intelligence, 2(5), 1993.

S. Forrest and M. Mitchell. What makes a problem hard for a genetic algorithm? some anomalous results and their explanation. Machine Learning. 13(2-3),
Pp.285–319, 1993.

M. Pelikan, K. Sastry, and D. E. Goldberg. Multiobjective hBOA, clustering and scalability. IlliGAL Report No. 2005005, 2005.

H. E. Aguirre and K. Tanaka. Working principles, behavior, and performance of MOEAs on MNK-landscapes.European Journal of Operational Research, 181(3).
Pp. 1670-1690. 2007.

S. Verel, A. Liefooghe, L. Jourdan, and C. Dhaenens. On the structure of multiobjective combinatorial search pace:MNK-landscapes with correlated
objectives.European Journal of Operational Research, 227(2). Pp. 331-342, 2013.
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Previous work

Classes of test problem methods [Deb et al.:2005]
1 Multiple single-objective functions approach.
2 Bottom-up approach.
3 Constraint surface approach.

Proposed approach

Planting building blocks approach.

K. Deb, L. Thiele, M. Laumanns, and E. Zitzler. Scalable test problems for evolutionary multiobjective optimization. In Evolutionary Multiobjective Optimization,
Advanced Information and Knowledge Processing, pages 105–145. Springer London, 2005.
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mUBQP problem

Unconstrained binary quadratic programming (UBQP)

max F (x) =

n
∑

i=1

n
∑

j=1

qk
ij xi xj ; k ∈ {1, ..., m}; (1)

where F (x) = (f1(x), ..., fm(x)) is an objective function vector [Liefooghe et al: 2014].

Characteristics
For each objective k , a symmetric n × n matrix Qk = (qk

ij ) is given.

A binary vector x = (x1, . . . , xn), xi ∈ {0, 1} is searched, such that the m
objective functions are maximized.

A. Liefooghe, S. Verel, L. Paquete, and J.-K. Hao. Experiments on local search for bi-objective unconstrained binary quadratic programming. In Evolutionary
Multi-Criterion Optimization. Pp. 171–186. Springer, 2015.
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mUBQP problem

Example evaluation

Q1 =









0 1 1 1 0
1 0 1 1 −3

−1 3 0 1 0
1 0 1 0 3

−2 0 1 −2 0









Q2 =









0 −1 −1 −1 0
−1 0 −1 −1 3
1 −3 0 −1 0

−1 0 −1 0 −3
2 0 −1 2 0









(2)

For x = (1, 1, 1, 0, 0), f1(x) = 6 and f2(x) = −6
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Research questions

Research questions

How to generate more difficult mUBQP instances?

How can the interactions between the design variables
influence the difficulty of the instances?

How can we build deceptive instances?

How to measure deception for the mUBQP problem?

How instances impact the behavior of the algorithm?
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General strategy

Planting patches of deceptive
subfunctions

Characteristics
Start from a set of m zero-matrices.

In each step, a single submatrix is
added to each of the m matrices.

Each submatrix is “planted” in the
same position for the m mUBQP
matrices

Submatrices do not need to contain
contiguous variables.
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Planting patches of deceptive subfunctions

Key issues

How are the submatrices created?

How to select the position to insert the submatrices?

How many submatrices to add?
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Parametrization of the UBQP problem

Q matrix

Q =















0 q12 q13 q14 q15

q12 0 q23 q24 q25

q13 q23 0 q34 q35

q14 q24 q34 0 q45

q15 q25 q35 q45 0















(3)

An UBQP problem of np = 5 variables is parameterized in terms of the
interactions between its variables qij , qij ∈ {−1, 1} and qii = 0.
np(np−1)

2 = 10 pairwise interactions contained in this submatrix.

Number of possible UBQP functions: |F| = 210 = 1024.
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Deceptive UBQP functions

Bi-objective trap problem

trap5(u) =

{

5 if u = 5
4 − u if u < 5

(4)

invtrap5(u) =

{

5 if u = 0
u − 1 if u > 0

(5)

The bi-objective trap problem [Pee comprises unitation functions trap5 and
invtrap5 [Pelikan et al: 2005].

The number of solutions in the Pareto set is 2l with l the number of subfunctions.

M. Pelikan, K. Sastry, and D. E. Goldberg. Multiobjective hBOA, clustering and scalability. IlliGAL Report No. 2005005, Illinois Genetic Algorithms Laboratory,
Urbana, IL, February 2005.
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Deceptive pairs of UBQP problems

Selecting pairs of deceptive matrices

We use the bi-trap function as inspiration to propose a way
to construct deceptive pairs of UBQP submatrices.

Define the property of being mildly order-1 deceptive as a
relaxation of order-1 deceptive in [Whitley:2015].

Going beyond testing deception. Goal: Measuring the
degree of deception.

Which are the most deceptive functions in F?

D. Whitley. Mk landscapes, NK landscapes, MAX-kSAT: A proof that the only challenging problems are deceptive. In Proceedings of the 2015 GECCO
Conference, pp. 927–934. 2015.
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Computing the degree of deception

Algorithm

Algorithm 1: Degree of deception for function f (x)

1 Compute the Boltzmann distribution pB(x) of function
f (x) on the 25 solutions.

2 Compute the univariate probabilities from pB.
3 For each solution, compute its univariate factorization

pu(x) =
∏5

i pB(xi)

4 Rank the solutions from the highest to lowest pu(x)
5 The average rank of the optimal solutions is the de-

gree of deception

H. Muehlenbein, T. Mahnig, and A. Ochoa. Schemata, distributions and graphical models in evolutionary optimization. Journal of Heuristics, 5(2) Pp. 213-247,
1999.
R. Santana, A. Ochoa, and M. R. Soto. Factorized Distribution Algorithms for functions with unitation constraints. In Evolutionary Computation and Probabilistic
Graphical Models. Proceedings of the Third Symposium on Adaptive Systems, Pp. 158-165, 2001.
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Figure : Degree of deception for all possible UBQP functions, n = 5,
qij = {−1, 1}.
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Deceptive mUBQP functions

Selecting pairs of deceptive matrices
All possible bi-objective functions such that ga, gb ∈ F and ga 6= gb .

We call this set O, where |O| = 1024∗1023
2 = 523776.

Which functions in O that satisfy conditions similar to the multi-objective trap
functions?

Description

Table : Number of bi-objective functions for different sizes of the
Pareto fronts

Size PF 1 2 3 4
Numb. functions 94295 190059 150841 66745

Size PF 5 6 7 8
Numb functions 17411 3990 375 60
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Generating benchmark instances

Algorithm 2: Generation of large mUBQP instances

1 Initialize matrices Q1 and Q2 to zero
2 For i = 1 to n′l
3 Select a random set of 5 variables
4 Select a random function (ga, gb) from the seeding

set of bi-objective functions
5 Substitute cells corresponding to the selected

variables in Q1 by ga, and in Q2 by gb
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Deceptive mUBQP functions

Instances
(T1) HardInst: At least 7 non-dominated solutions and
deceptive values above 24. 10 instances.

(T3) LessPopInst: Bi-objective problems in O. At least 4
non-dominated solutions. Degree of deception is above 29.
9 instances.

(T4) ComposeInstHard: At least 7 non-dominated
solutions. The 100 such problems in O with maximum
degree of deception are selected. 10 instances.
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Experiments

Questions
How the characteristics of the generated instances influence the behavior of
MOEA.

Settings
MOEA/D algorithms: Decompose a MOP into a number (N) of scalar single
objective optimization subproblems [Zhang and Li:2007].

Problems are simultaneously optimized in a collaborative manner using the
concept of neighborhood between the subproblems.

MOEA/D-GM: A general framework comprising different classes of EAs.

Emphasis is on integrating efficient ways to exploit the information contained in
the neighborhood [Zangari de Souza et al 2015].

Q. Zhang and H. Li. MOEA/D: A multiobjective evolutionary algorithm based on decomposition. IEEE Transactions on Evolutionary Computation, 11(6); Pp.
712-731. 2007.

M. Z. de Souza, R. Santana, A. T. R. Pozo, and A. Mendiburu. MOEA/D-GM: using probabilistic graphical models in MOEA/D for solving combinatorial
optimization problems. In CoRR, abs/1511.05625, 2015.
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Algorithm 3: MOEA/D-GM

1 While a termination condition not met

2 For each subproblem i ∈ 1, ..., N, at each generation

3 Learning()

4 Case GA: Choose two parents x1x2 from B(i)

5 Case UMDA: Learn pi using B(i)

6 Case PBIL: Learn an incremental pi using B(i)

7 Sampling()

8 Case GA: Apply the crossover and mutation to generate y

9 Case PBIL or UMDA: Sample y using pi

10 Compute the fitness function F (y)

11 Update_Population(Pop, y, R(i))

12 Update_EP(F (y),EP)

13 Return Pop, EP
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Experiments

Parameters used by the algorithms
1 Number of subproblems (N): N = 101.
2 Selection and replacement neighborhood size: The number of the selected

solution S for each B(i) and R(i) is set to 0.2 × N, i.e., S = 20.
3 Maximal number of replacements by a new solution: Each new generated

solution y can update a maximum nr = 2 parents solution from R(i).
4 Genetic operators from MOEA/D-GA: uniform crossover and mutation rate

µ = 1
n .

5 PBIL learning rate: α = 0.02.
6 Number of generations (second phase): g = 500.
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Experiments

Performance metric
The inverted generational distance from P∗ to P is defined as

IGDp(P∗
, P) =

∑v∈P∗

d(v , P)

|P∗|
(6)

d(v , P) is the minimum Euclidean distance between v and the solutions in P.

The lower the IGDp(P∗, P), the better the approximation of the obtained P to the
true PF.

The difficulty of the instances is measured in terms of the ability of the algorithms
to optimize this metric.

The number of generations needed to produce a low IGDp is also considered.
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Experiments

Results

Table : Size of the reference Pareto front approximations computed
for the test instances. Instances for which qk

ij 6∈ {±1} are underlined.

index T1 T2 T3 T4 T5 T6 T7

1 121 101 80 69 500 43 50
2 121 4921 80 72 289 22 23
3 121 243 80 67 140 13 11
4 121 9157 80 71
5 121 174 80 70
6 121 80 65
7 141 60 67
8 121 60 70
9 121 60 59
10 121 69
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Figure : Average IGDp value achieved in the last generation of the
algorithms for all instances.
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IGDp value for all instances.
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Figure : Distribution of the IGDP metric achieved by MOEA/D
variants for instances in classes {T1, T3, T4, T6, T7}. a) GA; b) PBIL;
c) UMDA
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Conclusions

Conclusions
A new strategy to generate hard instances for the mUBQP
problem, based on planting deceptive subsolutions, has
been proposed.

We have empirically investigated the difficulty of the
instances using different variants of the MOEA/D algorithm
that add probabilistic-based operators.

The introduced instances are indeed harder for MOEA/D
than instances that are randomly generated.

More extensive experimentation is required.
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