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Optimization problems

x∗ = argmaxxf (x) (1)

f : S ← R: the objective or fitness function

x = (x1, . . . xn) ∈ S is a solution

S: the search space
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From black-box-based to model-based

optimization

Black-box optimization

Few or none information about the problem structure

Goal: Optimize and learn a model of the problem
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Population based algorithms that use regularities

Algorithm 1: Capturing and using regularities

1 Set t ⇐ 0. Generate M points randomly.

2 do {

3 Evaluate the points using the fitness function.

4 Select a set DS
t

of N ≤ M points according to a selection method

5 Extract regularities from DS
t

and use them to generate new M points.

6 t ⇐ t + 1

7 } until Termination criteria are met.
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Pseudocode of an EDA

Algorithm 2: Estimation of distribution algorithm

1 Set t ⇐ 0. Generate M points randomly.

2 do {

3 Evaluate the points using the fitness function.

4 Select a set DS
t

of N ≤ M points according to a selection method

5 Learn a probabilistic model of DS
t

.

6 Generate M new points sampling from the distribution represented in the
model

7 t ⇐ t + 1

8 } until Termination criteria are met.

P. Larrañaga and J. A. Lozano, (Eds.) Estimation of distribution algorithms: A new tool for evolutionary computation. Vol. 2. Springer, 2002.

J. A. Lozano, P. Larrañaga, I. Inza, and E. Bengoetxea (Eds.). Towards a new evolutionary computation: Advances on estimation of distribution algorithms (Vol.

192). Springer. 2006.
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Dt

Selection ρ
s
t (x)

Learning ρ
a
t (x)

Sampling

Dt+1

Figure : Distributions in an EDA. Dt , Dt+1: populations at generation t and t + 1;
ρs

t
(x), ρa

t
(x): Joint probability distributions determined by selection and the

probabilistic model approximation.
R. Santana, P. Larrañaga, and J. A. Lozano. Research topics in discrete estimation of distribution algorithms based on factorizations. Memetic Computing, 1(1),

35-54. 2009.
L-V Lozada-Chang and R. Santana. Univariate marginal distribution algorithm dynamics for a class of parametric functions with unitation constraints. Information

Sciences, 181(11), 2340-2355. 2011
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Probabilistic graphical models

Probabilistic graphical models

A probabilistic graphical model (PGMs) for X = (X1, X2, . . . , Xn) encodes a graphical
factorization of a joint probability distribution p(x)

It has two components:

A structure S (e.g. directed acyclic graph for Bayesian networks).
A set of local marginal probability values.

S represents a set of conditional independence assertions between the
variables.
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From black-box-based to model-based

optimization

Goal: Optimize and learn a model of the problem

Knowledge extraction from models
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What can the probabilistic models provide?

Knowledge extraction from models

What is the information in the models?

Which is the role of the variables: Relevant and superfluous variables

How variables interact to influence the function?

Which combinations of values are the most frequent in the good solutions?

Does the problem exhibit any sort of global structure?

Are there symmetric relationships between the variables?
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Transfer Learning

Questions

Transfer learning: How to utilize data from different time

periods or domains to help the current learning task.

General goal: Transferring knowledge or information

accross domains or tasks.

Use in optimization: Transferring knowledge acquired in

the solution of a given instance to another instance of the

same problem or related problem.

D. Xing, W. Dai, G. Xue, and Y. Yu. Bridged refinement for transfer learning. Proceeding of the Knowledge Discovery in DatabasesConference. PKDD-2007. pp.

324–335. 2007.

A Survey on Transfer Learning. J. Pan and Q. Yang. IEEE Transactions on Knowledge and Data Engineering 22 (10). Pp. 1345–1359. 2010.
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Transfer Learning

Questions

What information extract from

the problems?

How to define relatedness

between problems?

How to transfer the available

information?

R. Santana, A. Mendiburu, and J. A. Lozano. Structural transfer using EDAs: An application to multi-marker tagging SNP selection. In Proceedings of CEC-2012.

1-8. (Best Paper CEC-2012). 2012.

R Santana, R Armañanzas, C Bielza, and P Larrañaga. Network measures for information extraction in evolutionary algorithms. International Journal of

Computational Intelligence Systems. 6 (6), pp. 1163-1188. 2013.
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Transfer Learning

Transfer Learning for

Optimization

Transfer of solutions

Structural transfer

Behavioral or algorithmic

transfer

Combined transfer
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TagSNPs Selection Problem

Figure : Single-nucleotide polymorphisms.

R. Santana, A. Mendiburu, N. Zaitlen, E. Eskin, and J. A. Lozano. Multi-marker tagging single nucleotide polymorphism selection using estimation of distribution

algorithms. Artificial Intelligence in Medicine. 50 (3). 193–201. 2010.
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TagSNPs Selection Problem

If an individual carries out a SNP then, with high probability

he will carry out another “close” SNP.

The value of one SNP can be used to predict the value of

other SNP.

TagSNP selection problem:

Given a set of SNPs, find the minimum subset that

can be used to predict the rest of SNPs.

Prediction ability is given in terms of correlation.
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Datasets
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EDAs: Examples of probability factorizations

Univariate model

p(x) =

n∏

i=1

p(xi )

Tree model

pTree(x) =

n∏

i=1

p(xi | pa(xi ))

Mixture of trees model

pMT (x) =

m∑

j=1

λj p
j
Tree

(x)
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Tree-EDA

1 D0 ← Generate M individuals randomly

2 l = 1

3 do {

4 Ds
l−1
← Select N ≤ M individuals from Dl−1 according to a selection

method

5 Compute the univariate and bivariate marginal frequencies
ps

i
(xi |D

s
l−1

) and ps
i,j
(xi , xj |D

s
l−1

) of Ds
l−1

6 Calculate the matrix of mutual information using
univariate and bivariate marginals

7 Calculate the maximum weight spanning tree from
the matrix of mutual information

8 Compute the parameters of the model

9 Dl ← Sample M individuals (the new population) from the tree

10 } until A stop criterion is met
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Aggregated Interactions for transfer learning
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Transfer Learning Results
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Multi-objective optimization

Pareto dominance

A maximization problem with k objective functions

fi(x) → R, i ∈ {1, . . . , k}

The vector function f maps each solution x to an objective

vector f (x) = (f1(x), . . . , fk (x)) ∈ Rk
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Multi-objective optimization

Pareto dominance

The underlying dominance structure is given by the Pareto

dominance relation that is defined as

∀x, y ∈ X , x �F ′ y ⇐⇒ fi(x) ≤ fi(y) ∀i .

F ′ is a set of objectives with F ′ ⊆ F := (f1, . . . , fk )

The Pareto (optimal) set is given as

{x ∈ X |6 ∃y ∈ X \ {x} : y �F x.
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Figure : Pareto front (stars) and dominated solutions (blue dots) for a bi-objective
problem
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Multi-objective optimization

Multi-objective optimization approaches

Goal: Find a Pareto-set approximation.

Provide the user with a set of solutions, with different types

of trade-offs between the objectives, for informative

decision making.

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective estimation of distribution algorithm based on joint modeling of objectives and variables.

IEEE Transactions in Evolutionary Computation 14 (4). 519-542. 2014.

R. Santana, C. Bielza, J. A. Lozano, and P. Larrañaga. Mining probabilistic models learned by EDAs in the optimization of multi-objective problems. Proceedings

of GECCO-2009. 2009.
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Multi-objective EBNA

1 BN0← (S0, θ
0) where S0 is an arcless dag and θ

0 is uniform

2 p0(x) =
∏

n

i=1
p(xi ) =

∏
n

i=1

1
ri

3 D0← Sample M individuals from p0(x)

4 t← 1

5 do {

6 DSe
t−1
← Select N individuals from Dt−1 using Pareto-ranking selection.

7 S∗

t
← Use local search to find one network structure that optimizes scoring metric

8 θ
t← Calculate θt

ijk
using DSe

t−1
as the data set

9 BNt ← (S∗

t
, θ

t )

10 Dt ← Sample M individuals from BNt

11 } until Stop criterion is met
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Probabilistic modeling in multi-objective problems

Figure : Joint modeling of variables and objectives.
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Probabilistic modeling in multi-objective problems

Figure : Joint modeling of variables and objectives.

H. Karshenas. Regularized model learning in EDAs for continuous and multi-objective optimization. Ph. D. Thesis. Technical University of Madrid. 2013.

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective optimization with joint probabilistic modeling of objectives and variables. Proceedings of

the Evolutionary Multi-Criterion Optimization Conference. pp. 298-312. 2011

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective estimation of distribution algorithm based on joint modeling of objectives and variables.

IEEE Transactions in Evolutionary Computation 14 (4). pp. 519-542. 2014.
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Brain networks

Brain activity

Modeled as a dynamical process acting on a network;

each vertex of the structure represents an elementary

component, such as brain areas, groups of neurons or

individual cells (DeLucia et al:2005).

Related questions

The network topology is a key element in the

understanding the behavior of the process.

Based on natural brain networks, similar (in terms of

predefined topological features) artificial networks can be

investigated.
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Figure : Construction of brain networks
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Using optimization to test hypothesis

Finding the optimal layout of 279 nonpharyngeal neurons in the Caenorhabditis elegans wiring diagram,
Chen et al. (2006) investigated the hypothesis that neuronal placement in animals minimizes wiring costs
for given functional constraints.

We follow a similar optimization procedure to test whether the design of brain networks is optimal in terms of
structural and functional motifs
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Brain networks

Structural optimization problems in brain networks:

Identification of a network topology that satisfies a number

of constraints.

Optimal with respect to a (or set of) measure(s) defined in

the space of networks.

Difficult due to the the number of network’s components

and the topological constraints involved.
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Brain networks

Objective function

Motifs (Milo et al:2002): Small network building blocks defined by their size and interconnection patterns.

Structural motifs: Set of brain areas and pathways that can potentially engage in different patterns of
interactions.

Functional motifs: Specific combinations of nodes and connections (contained in the structural motifs) that
may be activated in the course of neural information processing.
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Brain networks

Objective function

Question: How optimal is the design of brain networks in

terms of structural and functional motifs?

Idea: Find the artificial brain network that maximizes the

number of functional motifs and minimizes the number of

structural motifs.

Constraints: The artificial network has the same number of

nodes and node degree than the original network.

R. Santana, C. Bielza, and P. Larrañaga. Optimizing brain networks topologies using multi-objective evolutionary computation. Neuroinformatics 9 (1). 3-19. 2011.
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network n |E | mean(Vi) c L

fve30 30 311 10.3667 0.5510 1.7256

fve32 32 315 9.8438 0.5746 1.7698

macaque47 47 505 10.7447 0.5805 2.0500

macaque71 71 746 10.5070 0.4710 2.3252

Table : Some network measures of the brain networks used in the

experiments. n: Number of vertices. |E |: Number of edges.

mean(Vi): Average degree. c: Clustering coefficient. L: Average path

length.
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Figure : Structural motif number against functional motif number for randomly
sampled networks (empty circles) and original brain networks (triangle).
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Brain networks

Optimization algorithm

Evolutionary algorithm with a rewiring operator.

By rewiring random networks and imposing two different

objectives, network topologies are evolved.

Topological constraints are satisfied by the variation

operators.
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Algorithm 3: Evolutionary algorithm

1 Generate an initial population D0 of M networks that satisfy the topological
constraints

2 t← 1

3 do {

4 Evaluate all the objectives for solutions in Dt−1

5 DSe
t−1
← Select N individuals from Dt−1 using Pareto-ranking selection

6 Randomly sample M − N individuals from Dt−1 (the selected parents)

7 Rewire the sampled networks by exchanging 2 arcs between 4 vertices

8 Form population Dt by joining the M − N generated solutions and DSe
t−1

9 t← t + 1

10 } until Stop criterion is met
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Figure : Non-dominated solutions learned in each run of the EA (blue points), and
absolute non-dominated solutions (filled circles) and original fve30 network (triangle)
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Figure : Non-dominated solutions learned in each run of the EA (blue points), and
absolute non-dominated solutions (filled circles) and original fve32 network (triangle)
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Brain-data analysis

Brain-data competitions

First position
Data Analysis Competition: Classification Approaches
17th Conference of Biomagnetism (Biomag2010)
2011

Second position
Mind reading from MEG - PASCAL Challenge,
International Conference on Artificial Neural Networks, 2011

First position
Challenge on Classification of Psychiatric Problems based
on Saccades
International Joint Conference on Neural Networks
2012
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Problem definition

Challenge

Challenge question: Apply a classifier to predict in which direction four subjects
were covertly attending.

Combined machine learning approach

Apply a multi-variable channel information representation.

Use and combine different type of information (raw data, channels correlation,
interaction graphs).

Apply an efficient classification method (deals with up to 53841 variables and
254 cases).

Search for a subset of informative channels (out of 274) using a multi-objective
evolutionary-based optimization algorithm over the four subjects.

Use classification accuracy estimation to reduce the cost of the accuracy
evaluation step.

Apply leave-one-out cross-validation to the Pareto set of optimal solutions.
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Representation and type of information

Representation

Each channel is represented by a vector of m variables.

Type of information

Raw data: Average data from raw time series (m = 60).

Channel correlation: Correlation matrix from raw time series (m ≤ 273).

Interaction graph topological measures: (m = 13 plus 7 global variables).

Combined representation: Raw data and channel correlation (m ≤ 333).

Classification

Regularized logistic regression classifier using elastic net (Friedman et al. 2009).

lambda selection: lambda that maximizes accuracy of the training set.
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Accuracy results for the four types of information and all 274 channels (top) and
occipitoparietal channels (bottom)
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Selection of optimal channels

Feature subset selection approach using optimization

Find the set of channels (features) whose corresponding variables, passed to the
classifier, give the best accuracy.

A binary vector x = (x1, . . . , x274) represents a possible subset of channels.

Estimate accuracy with (less costly) 2-fold cross-validation accuracy.

Simultaneously optimize the accuracy for all the subjects with multi-objective
optimization, (likely) sacrificing accuracy but increasing robustness.

Reevaluate with leave-one-out cross-validation accuracy only solutions in the
Pareto set.

Answer to the challenge: Best achieved results using the combined type of
information

Subjects 1 2 3 4

Accuracy 0.8701 0.8505 0.8031 0.8031
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Analysis of the Pareto set solutions

Most informative channels can be automatically extracted from Pareto set of
solutions and compared with a priori known sets of involved brain areas.

The accuracy provided by each channel can be estimated by averaging
accuracies of solutions where each channel is involved.

Channels in at least 80% of Pareto set solutions (black) and channel classification accuracy (color)
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Results

Main contributions

Multi-variable channel representation that increases the amount of information
used by the classifier.

Innovative combination of different types of information that increases
classification accuracy.

Channel subset selection as a novel approach that increases classification
accuracy and avoids the need of using a priori information about the brain areas
involved in the mental process.

Multi-objective optimization approach that simultaneously searches for best
subject classifiers and globally good (likely robust) classifiers.
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Conclusions

Conclusions

Probabilistic modeling in optimization has a great potential for understanding and
exploiting problem structure.

The use of problem modeling, information extraction, and transfer learning open
new possibilities of application in the real world.

Evolutionary approaches are an effective alternative to deal with multi-objective
problems.

Classification and optimization problems in Neuroscience are a formidable
testbed for validation AI algorithms.
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