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Optimization problems

x∗ = argmaxxf (x) (1)

f : S ← R: the objective or fitness function

x = (x1, . . . xn) ∈ S is a solution

S: the search space
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Black-box optimization

Few or none information about the problem structure

Goal: Optimize and learn a model of the problem
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Population based algorithms that use regularities

Algorithm 1: Capturing and using regularities

1 Set t ⇐ 0. Generate M points randomly.

2 do {

3 Evaluate the points using the fitness function.

4 Select a set DS
t of N ≤ M points according to a selec-

tion method

5 Extract regularities from DS
t and use them to generate

new M points.

6 t ⇐ t + 1
7 } until Termination criteria are met.
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Pseudocode of an EDA

Algorithm 2: Estimation of distribution algorithm

1 Set t ⇐ 0. Generate M points randomly.

2 do {

3 Evaluate the points using the fitness function.

4 Select a set DS
t of N ≤ M points according to a selec-

tion method

5 Learn a probabilistic model of DS
t .

6 Generate M new points sampling from the distribution
represented in the model

7 t ⇐ t + 1
8 } until Termination criteria are met.

P. Larrañaga and J. A. Lozano, (Eds.) Estimation of distribution algorithms: A new tool for evolutionary computation. Vol. 2. Springer, 2002.
J. A. Lozano, P. Larrañaga, I. Inza, and E. Bengoetxea (Eds.). Towards a new evolutionary computation: Advances on estimation of distribution algorithms (Vol.

192). Springer. 2006.
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Dt

Selection ρs
t (x)

Learning ρa
t (x)

Sampling

Dt+1

Figure : Distributions in an EDA. Dt , Dt+1: populations at generation

t and t + 1; ρs
t (x), ρ

a
t (x): Joint probability distributions determined by

selection and the probabilistic model approximation.
R. Santana, P. Larrañaga, and J. A. Lozano. Research topics in discrete estimation of distribution algorithms based on factorizations. Memetic Computing, 1(1),

35-54. 2009.
L-V Lozada-Chang and R. Santana. Univariate marginal distribution algorithm dynamics for a class of parametric functions with unitation constraints. Information

Sciences, 181(11), 2340-2355. 2011
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Probabilistic graphical models

Bayesian networks

Bayesian network: A probabilistic graphical model in which the graphical
representation is a directed acyclic graph.
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Probabilistic graphical models

Complexity of the probabilistic model

Univariate models

Variables are independent

No interaction is modeled

Very efficient model

p(x) =
∏

i p(xi)

Multivariate models

Can represent variables

interactions

Variables are grouped into,

some time overlapping,

factors
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Probabilistic models in other domains

Permutation problems

P(σ) = ψ(θ)−1 exp(−θD(σ, σ0))
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Types of distances

Kendall

Cayley

Ulam

Types of models

Mallows model

Generalized Mallows model

Plackett Luce model

Mixture of Mallows models
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Probabilistic graphical models

From black-box-based to model-based

optimization

Goal: Optimize and learn a model of the problem

Knowledge extraction from models
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Optimization problems

EDAs

Probabilistic graphical models

What can the probabilistic models provide?

Knowledge extraction from models

What is the information in the models?

Which is the role of the variables: Relevant and superfluous variables

How variables interact to influence the function?

Which combinations of values are the most frequent in the good solutions?

Does the problem exhibit any sort of global structure?

Are there symmetric relationships between the variables?
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Structural transfer learning

Protein folding

Definitions

A protein is a sequence of aminoacids

Protein sequences fold into a native
3-d structure

The native structure of a protein is the
one for which the free energy is
minimum

Laws that govern protein folding are
unknown
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Structural transfer learning

HP model protein

Characteristics

Type of residues:

hydrophobic (H) and

hydrophilic or polar (P)

Located in regular lattice

models

In the lattice, residues form

self-avoided paths

Energy interactions:

defined from H-H and H-P

contacts

Example

b

bbb

b

b

b

b

b

b

bc

bcbcbcbc

bc

bc

bc

bc bc

Figure : Fold for sequence

HPHPPHHPHPPHPHHPPHPH

K. A. Dill. Theory for the folding and stability of globular proteins. Biochemistry, 24(6), 1501-1509. 1985.
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Structural transfer learning

HP model

Energy evaluation for a configuration of HHHPHPPPPPH

Energy=
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

ǫHH = −1

Energy=
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

ǫHH = −1

Energy= -1
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

ǫPP = 0

Energy= -1
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Structural transfer learning

HP model

Energy evaluation for a configuration of HHHPHPPPPPH

ǫPP = 0

Energy= -1+ 0
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Structural transfer learning

HP model

Energy evaluation for a configuration of HHHPHPPPPPH

ǫPP = 0

Energy= -1+ 0 + 0
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

ǫPH = 0

Energy= -1+ 0 + 0 + 0
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Structural transfer learning

HP model

Energy evaluation for a configuration of HHHPHPPPPPH

Energy= -1+ 0 + 0 + 0 = -1
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HP model

Energy function

Interactions between topological neighbors:

ǫHH = −1

ǫHP = 0

ǫPP = 0

Problem representation: Relative codification

Given a sequence with n aminoacids, the solution is a

vector of dimension n

Xi represents the relative movement of residue i with

respect to the two previous residues in the sequence

In a 2-d lattice: Xi ∈ {0,1,2}
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Structural transfer learning

HP problem

Solution representation

(0,0,−,−,−,−,−,−,−,−,−)
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Structural transfer learning

HP problem

Solution representation

(0,0,1,−,−,−,−,−,−,−,−)
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Structural transfer learning

HP problem

Solution representation

(0,0,1,2,−,−,−,−,−,−,−)
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Solution representation
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HP model

Figure : Multiple folding configurations for the same sequence.
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EDAs: probabilistic model used

Markov-chain model

pMK (x) = p(x1, . . . , xk+1)
n∏

i=k+2

p(xi | xi−1, . . . , xi−k )

Tree model

pTree(x) =
n∏

i=1

p(xi | pa(xi))

Mixture of trees model

pMT (x) =
m∑

j=1

λjp
j
Tree(x)
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Structural transfer learning

EDAs: probabilistic model used

k-order Markov models of different complexity

k-order Markov model

pMK (x) = p(x1, . . . , xk+1)
n∏

i=k+2

p(xi | xi−1, . . . , xi−k )
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HP instances

R. Santana, P. Larranñnaga, and J. A. Lozano. Protein folding in 2-dimensional lattices with estimation of distribution algorithms. In Biological and Medical Data

Analysis. 388–398. Springer Berlin Heidelberg. 2004.

R. Santana, P. Larrañaga, and J. A. Lozano. Protein folding in simplified models with estimation of distribution algorithms. IEEE Transactions on Evolutionary

Computation. 12(4), 418–438. 2008.

R. Santana, P. Larrañaga, and J. A. Lozano. Component weighting functions for adaptive search with EDAs. Proceedings of CEC-2008. 4066–4073. 2008.
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HP model: Results
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Structural transfer learning

Marginal probabilities

pHP(x3, x4, x5)
Seq 0 − − 1 − − 2 − −

−00 0.000 0.057 0.069

−01 0.035 0.036 0.038

−02 0.035 0.036 0.035

−10 0.029 0.034 0.035

−11 0.038 0.040 0.038

−12 0.035 0.034 0.029

−20 0.035 0.036 0.035

−21 0.038 0.036 0.035

−22 0.069 0.057 0.000

pHP(x3) · pHP(x4) · pHP(x5)
Seq 0 − − 1 − − 2 − −

−00 0.036 0.042 0.036

−01 0.036 0.042 0.036

−02 0.036 0.042 0.036

−10 0.033 0.038 0.033

−11 0.033 0.039 0.033

−12 0.033 0.038 0.033

−20 0.036 0.042 0.036

−21 0.036 0.042 0.036

−22 0.036 0.042 0.036

Regularities are captured by the marginal probabilities
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Relevant partial structures

Figure : Configurations with highest probabilities: Helices

Figure : Configurations with smallest probabilities: self-intercepting

chains
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Information extraction

Figure : Helices are present in the best solutions.
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Structural transfer learning

Protein pdb1tk

Figure : Skeleton and best side chain configurations found by the EDAs. (Left):
Tree-EDA. (Right): Tree-EDAr .

R. Santana, P. Larrañaga, and J. A. Lozano. Side chain placement using estimation of distribution algorithms. Artificial Intelligence in Medicine 39 (1). 49-63.

2007.

R. Santana, P. Larrañaga, and J. A. Lozano. The role of a priori information in the minimization of contact potentials by means of estimation of distribution

algorithms. In Evolutionary Computation, Machine Learning and Data Mining in Bioinformatics. 247-257. 2007.

R. Santana, P. Larrañaga, and J. A. Lozano. Combining variable neighborhood search and estimation of distribution algorithms in the protein side chain

placement problem. Journal of Heuristics. 14 (5). 519-547. 2008.
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Structural transfer learning

Transfer Learning

Questions

Transfer learning: How to utilize data from different time

periods or domains to help the current learning task.

General goal: Transferring knowledge or information

accross domains or tasks.

Use in optimization: Transferring knowledge acquired in

the solution of a given instance to another instance of the

same problem or related problem.

D. Xing, W. Dai, G. Xue, and Y. Yu. Bridged refinement for transfer learning. Proceeding of the Knowledge Discovery in DatabasesConference. PKDD-2007. pp.

324–335. 2007.

A Survey on Transfer Learning. J. Pan and Q. Yang. IEEE Transactions on Knowledge and Data Engineering 22 (10). Pp. 1345–1359. 2010.
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Structural transfer learning

Transfer Learning

Questions

What information extract from

the problems?

How to define relatedness

between problems?

How to transfer the available

information?

R. Santana, A. Mendiburu, and J. A. Lozano. Structural transfer using EDAs: An application to multi-marker tagging SNP selection. In Proceedings of CEC-2012.

1-8. (Best Paper CEC-2012). 2012.

R Santana, R Armañanzas, C Bielza, and P Larrañaga. Network measures for information extraction in evolutionary algorithms. International Journal of

Computational Intelligence Systems. 6 (6), pp. 1163-1188. 2013.
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Structural transfer learning

EDAs as network generators

EDAs generate dynamic networks

1 Extract structural components of the
models

2 Compute the topological measures on
the networks

3 Train the classifiers using the
network-derived measures as
features

4 Classify networks generated in the
solution of unknown problems

Santana Extracting and reusing problem information in EDAs



Intelligent Systems Group

Learning while optimizing

Extracting and re-using problem information

Other current work

Conclusions

Protein folding in the HP model

Structural transfer learning

Transfer Learning

Transfer Learning for

Optimization

Transfer of solutions

Structural transfer

Behavioral or algorithmic

transfer

Combined transfer
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Structural transfer learning

TagSNPs Selection Problem

Figure : Single-nucleotide polymorphisms.

R. Santana, A. Mendiburu, N. Zaitlen, E. Eskin, and J. A. Lozano. Multi-marker tagging single nucleotide polymorphism selection using estimation of distribution

algorithms. Artificial Intelligence in Medicine. 50 (3). 193–201. 2010.
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Structural transfer learning

TagSNPs Selection Problem

If an individual carries out a SNP then, with high probability

will carry out another “close” SNP.

The value of one SNP can be used to predict the value of

other SNP.

TagSNP selection problem:

Given a set of SNPs, find the minimum subset that

can be used to predict the rest of SNPs.

Prediction ability is given in terms of correlation.
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Datasets
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Structural transfer learning

Tree-EDA

1 D0 ← Generate M individuals randomly

2 l = 1

3 do {

4 Ds
l−1
← Select N ≤ M individuals from Dl−1 according to a selection

method

5 Compute the univariate and bivariate marginal frequencies
ps

i
(xi |D

s
l−1

) and ps
i,j
(xi , xj |D

s
l−1

) of Ds
l−1

6 Calculate the matrix of mutual information using
univariate and bivariate marginals

7 Calculate the maximum weight spanning tree from
the matrix of mutual information

8 Compute the parameters of the model

9 Dl ← Sample M individuals (the new population) from the tree

10 } until A stop criterion is met
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Aggregated Interactions for transfer learning
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Transfer Learning Results
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Symmetries in EDAs

Current research

Research directions

Extending the use of PGMs in evolutionary optimization:

Factor graphs and other PGM representations.
Approximate factorizations and region-based decompositions.
Belief propagation and other message-passing based inference methods.

Theoretical models of EDAs based on the evolution of probabilities.

Probabilistic modeling for multi-objective problems.

Learning and using symmetries in the search space.

S. Shakya and R. Santana (Eds.). Markov Networks in Evolutionary Computation. Springer. 2012.

R. Santana, A. Mendiburu, and J. A. Lozano. A review of message passing algorithms in estimation of distribution algorithms. Natural Computing. Accepted for

publication. 2014.

C. Echegoyen, A. Mendiburu, R. Santana, J. A. Lozano. On the taxonomy of optimization problems under estimation of distribution algorithms. Evolutionary

computation. 21 (3), pp. 471–495. 2013.
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Symmetries in EDAs

Multi-objective optimization

Pareto dominance

A maximization problem with k objective functions

fi(x) → R, i ∈ {1, . . . , k}

The vector function f maps each solution x to an objective

vector f (x) = (f1(x), . . . , fk (x)) ∈ Rk
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Multi-objective optimization with PGMs

Symmetries in EDAs

Multi-objective optimization

Pareto dominance

The underlying dominance structure is given by the Pareto

dominance relation that is defined as

∀x,y ∈ X , x �F ′ y ⇐⇒ fi(x) ≤ fi(y) ∀i .

F ′ is a set of objectives with F ′ ⊆ F := (f1, . . . , fk )

The Pareto (optimal) set is given as

{x ∈ X |6 ∃y ∈ X \ {x} : y �F x ∧ x �F y}.
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Figure : Pareto front (stars) and dominated solutions (blue dots) for a

bi-objective problem
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Multi-objective optimization

Multi-objective optimization approaches

Goal: Find a Pareto-set approximation.

Use probabilistic modeling of solutions.

Provide the user with a set of solutions, with different types

of trade-offs between the objectives, for informative

decision making.

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective estimation of distribution algorithm based on joint modeling of objectives and variables.

IEEE Transactions in Evolutionary Computation 14 (4). 519-542. 2014.

R. Santana, C. Bielza, J. A. Lozano, and P. Larrañaga. Mining probabilistic models learned by EDAs in the optimization of multi-objective problems. Proceedings

of GECCO-2009. 2009.
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Multi-objective EBNA

1 BN0← (S0, θ
0) where S0 is an arcless dag and θ

0 is uniform

2 p0(x) =
∏

n

i=1
p(xi ) =

∏
n

i=1

1
ri

3 D0← Sample M individuals from p0(x)

4 t← 1

5 do {

6 DSe
t−1
← Select N individuals from Dt−1 using Pareto-ranking selection.

7 S∗

t
← Use local search to find one network structure that optimizes scoring metric

8 θ
t← Calculate θt

ijk
using DSe

t−1
as the data set

9 BNt ← (S∗

t
, θ

t )

10 Dt ← Sample M individuals from BNt

11 } until Stop criterion is met
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Probabilistic modeling in multi-objective problems

Figure : Joint modeling of variables and objectives.
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Probabilistic modeling in multi-objective problems

Figure : Joint modeling of variables and objectives.

H. Karshenas. Regularized model learning in EDAs for continuous and multi-objective optimization. Ph. D. Thesis. Technical University of Madrid. 2013.

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective optimization with joint probabilistic modeling of objectives and variables. Proceedings of

the Evolutionary Multi-Criterion Optimization Conference. pp. 298-312. 2011

H. Karshenas, R. Santana, C. Bielza, and P. Larrañaga. Multi-objective estimation of distribution algorithm based on joint modeling of objectives and variables.

IEEE Transactions in Evolutionary Computation 14 (4). pp. 519-542. 2014.
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Learning and using symmetries

Figure : Skeleton and side chains found by an EDA for the tetramer

pdb1d2e.
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Learning and using symmetries

How to identify and use symmetries in the problem?

Which types of symmetries are in the problem? Variables

symmetries and value symmetries.

Symmetry learning from data and models?

How to use the symmetries to sample more efficiently?

Could symmetries be used for adjusting the

representation?

R. Santana, R. I. McKay, and J. A. Lozano. Symmetry in evolutionary and estimation of distribution algorithms. In Proceedings of CEC-2013. 2053-2060. 2013.
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Learning and using symmetries
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Learning and using symmetries

Partial symmetries to improve model learning

Before learning, each individual is deconstructed.

All symmetric components are treated as copies of one

single symmetric component.

The probabilistic model comprises only a fraction of the

problem variables

Accuracy of the model is improved.
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Learning and using symmetries
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Conclusions

Probabilistic modeling in optimization has a great potential for understanding and
exploiting problem structure.

The use of a priori information, problem modeling, and information extraction
open new possibilities of application in the real world.

Transfer learning between problems and automatic detection of the symmetric
structure are also promising trends.
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