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Quantum computing

Quantum computation: Information is represented and

manipulated using quantum properties.

Quantum decoherence: Loss of information of the quantum

system due to the interaction with the environment.

Solution: Design quantum systems immune to quantum

decoherence on a hardware level.
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Topological quantum computing

TQC

Topological quantum computing: Quantum computing systems that, given the
properties of quasiparticles they use, are not affected by quantum decoherence.

Quantum information can be stored in global properties of the system

Information is affected only by global operations but not by local perturbations
such as noise.
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Braids and anyons

Braids

Braiding is used to perform

the unitary transformations

of a quantum computation.

Braid operation:

Represented by a matrix

(generator) that acts on the

qubit space.

A quantum gate is

represented as the product

of the generators that

encode the individual braid

operations.
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Braids and anyons

Anyons

Anyons: Appears as excitations in microscopic models of

frustrated quantum magnets that harbor topological

quantum liquids.

Fibonacci anyons: The simplest anyons with non-Abelian

braiding statistics that can give rise to universal quantum

computation.

Generators
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Problem formulation

Problem representation

X = (X1, . . . , Xn) represents a braid of length n.

Xi takes values in {0, 1, . . . , 2g − 1} and g is the number of

generators.

If Xi = j , j ≥ g, then the matrix in position i is σ−1
(j−g)+1.

Example

For B = σ1σ1σ2σ−1
2 σ−1

1 , the corresponding braid

representation is x = (0, 0, 1, 3, 2).
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Problem formulation

Fitness function

Braid error and braid’s length

f (x) =
1 − λ

1 + ǫ
+

λ

l
(2)

ǫ = |B − T | where B is the braid, T is the target gate, and

the matrix norm used is |M| =
√

∑

ij M2
ij

l is the braid’s length.

λ serves to balance the two conflicting goals.
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Problem formulation

Variants of the fitness function

Functions f̂ (x) and f̄ (x)

f̂ (x): The effective length l̂ = elen(B) is used instead of the

braid’s length.

f̄ (x): Maximum value of f (x) for any of the braids contained

in B that start from the first position.

f̄ (x) = maxy,y∈{(x1),(x1,x2),...,(x1,...,xi ),...,(x1,...,xn)}f (y).

Santana An EDA approach to compute quasiparticle braids



Topological quantum computing

Probabilistic modeling of braids

Experiments

Conclusions

Boltzmann distribution and statistical properties

EDAs

Boltzmann distribution

Boltzmann probability distribution pB(x)

pB(x) =
e

g(x)
T

∑

x′ e
g(x′)

T

, (3)

g(x) is a given objective function.

T is the system temperature.

Problem regularities

Question: How potential regularities of the fitness function

are translated into statistical properties of the distribution?
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Boltzmann distribution

Figure : Boltzmann distribution computed for different functions. a) f

vs f̂ , and b) f̂ vs f̄ .
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Boltzmann distribution: Univariate frequencies
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Figure : Univariate probabilities of the Boltzmann distribution for : a)

f , b) f̄ .
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Boltzmann distribution: Mutual information
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Figure : Mutual information computed from the Boltzmann

distribution for: a) f , b) f̄ .
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Pseudocode of an EDA

Algorithm 1: Estimation of distribution algorithm

1 Set t ⇐ 0. Generate M points randomly.

2 do {

3 Evaluate the points using the fitness function.

4 Select a set DS
t of N ≤ M points according to a selec-

tion method

5 Calculate a probabilistic model of DS
t .

6 Generate M new points sampling from the distribution
represented in the model

7 t ⇐ t + 1
8 } until Termination criteria are met.

P. Larrañaga and J. A. Lozano, (Eds.) Estimation of distribution algorithms: A new tool for evolutionary computation. Vol. 2. Springer, 2002.
J. A. Lozano, P. Larrañaga, I. Inza, and E. Bengoetxea (Eds.). Towards a new evolutionary computation: Advances on estimation of distribution algorithms (Vol.

192). Springer. 2006.
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EDAs: probabilistic model used

Univariate model

pUMDA(x) =

n
∏

i=1

p(xi )

1-order Markov model

pMK (x) = p(x1)

n
∏

i=2

p(xi | xi−1)

Tree model

pTree(x) =

n
∏

i=1

p(xi | pa(xi ))
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EDAs: probabilistic model used

Univariate models

Variables are independent and interaction is modeled

Very efficient model

Can work with functions with weak interactions: (e.g. g(x) =
∏

i
xi +

∑

i
xi ).
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EDAs: probabilistic model used

k-order Markov models of different complexity

k-order Markov model

pMK (x) = p(x1, . . . , xk+1)
n

∏

i=k+2

p(xi | xi−1, . . . , xi−k )
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EDAs: probabilistic model used

Tree model

Tree model

pTree(x) =
n

∏

i=1

p(xi | pa(xi))
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Tree-EDA

1 D0 ← Generate M individuals randomly

2 l = 1

3 do {
4 Ds

l−1
← Select N ≤ M individuals from Dl−1 according to a selection

method

5 Compute the univariate and bivariate marginal frequencies
ps

i
(xi |Ds

l−1
) and ps

i,j
(xi , xj |Ds

l−1
) of Ds

l−1

6 Calculate the matrix of mutual information using
univariate and bivariate marginals

7 Calculate the maximum weight spanning tree from
the matrix of mutual information

8 Compute the parameters of the model

9 Dl ← Sample M individuals (the new population) from the tree

10 } until A stop criterion is met
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Enhancements to EDAs

Use of a local optimizer

A greedy optimization algorithm is applied during the evaluation step.

The local optimizer evaluates all the 3n neighbor solutions.

The next selected solution is the neighbor that improves the fitness the most.

Partial sampling

A solution of the population is selected and only a subset of its variables are
sampled according to the model.

Variant I: The number of variables to be modified is randomly selected between 1
and n.

Variant II: The number of variables to be modified is randomly selected between
1 and n

2
.
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Enhancements to EDAs

Recoding

Consists of modifying the representation of the solution after the fitness
evaluation.

Can be applied to function f̂ and f̄ .

Meaningful variables will be located closer to the beginning of the braid.

Filling the gaps, variant I: Leaving the unused variables as they were in the
original solution.

Filling the gaps, variant II: Replacing the unused variables by a reverse copy of
the variables used in the evaluation.

(0, 3, 1, 3, 3, 3, 2, 1, 2, 2) =(0, 3, 3, 3, 2, 3, 2, 1, 2, 2) (4)

(0, 3, 1, 3, 3, 3, 2, 1, 2, 2) =(0, 3, 3, 3, 2, 2, 3, 3, 3, 0) (5)
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Experiments

EDA configuration

1 Use of local optimizer. 0: Only EDA is applied, 1: EDA is combined with greedy
search.

2 Type of function and representation. 0: Function f , 1: f̄ without recoding, 2: f̄
with recoding I, 3: f̄ with recoding II.

3 λ value. 0:0.0, 1:0.01, 2:0.05, 3:0.1.

4 Sampling method. 0: Normal, 1: Partial sampling I, 2: Partial sampling II.

5 Type of model. 0: Univariate, 1: 1-order Markov, 2: Tree.
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EDA parameters

Truncation selection, with T = 5%.

EDAs without greedy local search: N = 10000 and

Ng = 15n.

EDAs that apply local search: N = 100n and Ng = 100.

For each EDA variant, 100 experiments were run.
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Results

Errors

n l ǫ log10(ǫ) log3.97
10

( 1
ǫ
)

50 44 4.8435 × 10−4 −3.3148 116.47

100 70 8.3527 × 10−6 −5.0782 633.37

150 64 8.3527 × 10−6 −5.0782 633.37

200 62 8.3527 × 10−6 −5.0782 633.37

250 124 3.5038 × 10−6 −5.4555 841.82

Table : Parameters of the best braids

found by the EDAs for each value of n

and comparison with Solovay-Kitaev

algorithm.
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Figure : Length of the best

solutions for each value of n.
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Figure : Violin plots showing the distribution of the best values found in all the
executions for: a) All EDAs variants without local optimizer (14400 runs), b) All EDAs
variants with local optimizer (14400 runs), c) EDAs with local optimizer, recoding type
II, and that use partial sampling type II (300 runs).
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Figure : a) Comparison between the Best EDA variant, the random search, the
greedy local search and the GA for n = 50. b) Comparison between the Best EDA
variant and the greedy local search n ∈ {100, 150, 200, 250}.
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Conclusions

Probabilistic modeling of the search space for approximating a quantum gate as
a product of braid generators has been introduced.

Some problem characteristics can be translated into statistical regularities of the
Boltzmann distribution.

EDAs are able to find short braids that provide accurate approximations.

The best braids obtained have lengths up to 9 times shorter than those expected
from braids of the same accuracy obtained with the Solovay-Kitaev algorithm.
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