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Learning while optimizing Optimization problems
EDAs
Probabilistic graphical models

Optimization problems

X* = argmaxxf(X) (1)

@ f: S+ R: the objective or fitness function
@ x=(Xy,...Xn) € Sis a solution
@ S: the search space
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EDA applications

Image reconstruction (Ochoa:1999)

Software testing (Sagarna:2004)

MRI magnet design (Yuan et al:2005)

Multispeed planetary transmission design (Simionescu et al:2006)
Nurse scheduling (Li and Aickelin:2006)

Multivariate calibration models for quantitative chemical applications (Mendiburu et al:2006)
Dynamic pricing (Shakya et al:2007)

Agricultural biocontrol (Wu et al:2008)

Optimization of cancer chemotherapy (Brownlee et al:2008)

Load dispatch optimization of power systems (Wang et al:2010)
Selection of web services (Cheng et al:2012)

Topological quantum computing (Santana et al:2014)

©000000O6GCO6GOGCOGEOO

Flowshop scheduling (Ceberio et al:2014)
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Optimization problems: Issues involved

Type of representation A priori information
@ Binary @ Differentiable and
continuous

@ Discontinuous but function
expression given

@ Black box optimization

@ Integer

@ Continuous

@ Mixed representation
@ Permutations

v

T T R Otherissues

@ Number of variables
@ Cheap to evaluate
, @ Range of values per
@ Highly costly

variables
@ Noisy functions ~ Gl
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From black-box-based to model-based
optimization

Black-box optimization
@ Few or none information about the problem structure

: Optimize and learn a model of the problem
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From black-box-based to model-based
optimization

Black-box optimization
@ Few or none information about the problem structure

: Optimize and learn a model of the problem
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Pop-based algorithms that learn regularities

Algorithm 1: Learning and using regularities

1 Set t < 0. Generate M points randomly.

2 do{

3 Evaluate the points using the fitness function.

4 Select a set D,S of N < M points according to a selec-
tion method

5 Extract regularities from D and use them to generate
new M points.

6 t<=1t+1
7} until Termination criteria are met.
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Pop-based algorithms that learn regularities

Learning and using regularities: Key issues
@ Population: Several solutions are simultaneously used to
explore the search space.
@ Selection: Not all solutions are equally interesting.

@ Finding an using regularities: What patterns are shared
and how to combine them in the new solutions?

@ Generational: The process is iterative. Solutions and
relevant regularities change over time.
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Learning while optimizing Optimization problems
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Estimation of distribution algorithms

@ Use a probabilistic model to represent promising solutions.

@ Machine learning methods are used to learn and sample
the models.

@ Some variants can deal with problems where variables
exhibit strong interactions.

@ They do not depend on the order of variables as genetic
operators do.

@ Probability theory as a solid theoretical foundation for the
study of EDAs.
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Pseudocode of an EDA

Algorithm 2: Estimation of distribution algorithm

1 Set t < 0. Generate M points randomly.

2 do{

3 Evaluate the points using the fitness function.

4 Select a set DY of N < M points according to a selec-
tion method

5 Calculate a probabilistic model of Df.

6 Generate M new points sampling from the distribution

represented in the model
7 t<=t+1
8 } until Termination criteria are met.
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Di 1 @

Figure : Joint probability distributions determined by the components
of an EDA. Dy, D;,1: populations at generation t and t + 1; pf(x),
p%(x): Joint probability distributions determined by selection and the
probabilistic model approximation.
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EDAs: Foundational work

Some previous GA work that
led to EDAs

o Syswerda (1991): Bit-based simulated crossover Ij G. Syswerda,
(BSC) Simulated crossover in genetic algorithms.
] Baluja et al. (1993): Population-based incremental Foundations of Genetic Algorithms, Pp. 239-295.
learning Morgan Kaufmann. 1993.
@ Miihlenbein and D. Schlierkamp-Voosen (1993): D S. Baluja and R. Caruana,
Breeder genetic algorithm Removing the genetics from the standard genetic
-~ algorithm.

Research Report CMU-CS-95-141,
Carnegie-Mellon University. 1995

Ij H. Mahlenbein and D. Schlierkamp-Voosen,

The science of breeding and its application to the
breeder genetic algorithm (BGA),

Evolutionary Computation, Vol. 1, No. 4, Pp.
335-360. 1993
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Probabilistic graphical models

Probabilistic graphical models

S 8328

© @ @
o © o0 66

A probabilistic graphical model (PGMs) for X = (X1, Xz, ..., Xn) encodes a graphical
factorization of a joint probability distribution p(x)

@ It has two components:
@ A structure S (e.g. directed acyclic graph for Bayesian networks).
@ A set of local marginal probability values.

@ S represents a set of conditional independence assertions between the
variables. 4
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Learning while optimizing Optimization problems

EDAs
Probabilistic graphical models

Probabilistic graphical models

Bayesian networks

9 ©

(a) Structure

@ Bayesian network: A probabilistic graphical model in which the graphical
representation is a directed acyclic graph.

Xi 11 1 2 2 2
X; 1 2 3 1 2 3
P(X=1 | X1,X2) O Ba1 Bar Bunt Oust Buat
P(X4=2 IXI,XZ) em 9422 9432 9442 9452 9462
P(Xi=3 | X1,X))| Buis Oizs Buzs Buss Oisy B
P(Xi=4 | X1,X2)| Ou1s s Buss Ouss Osss O
P(Xi=5 | X1,X2)| Buis Ours Buss Ouss Ouss Bues

(b) Conditional probability table
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EDAs
Probabilistic graphical models

Complexity of the probabilistic model

Multivariate models

Univariate models

@ Variables are independent @ Can represent variables
interactions

@ No interaction is modeled _ .

@ Very efficient model ° ;/;r;aeb:'ens]ea;eeglrr;:g?:glnto,
i Vi ing,

o p(X) - Hi p(Xi) factors
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What can the probabilistic models provide?

Knowledge extraction from models

@ Information about the role of the variables: Relevant and
superfluous variables

@ How variables interact to influence the function?

@ Which variables values are the most frequent in the good
solutions?

@ Does the problem exhibit any sort of global structure?

@ Are there symmetric relationships between the variables of
the problem?
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Protein folding in the HP model

EDA applications Side chain placement

Optimization problems

Bioinformatics
@ Gene selection for cancer Neuroscience

classification (Blanco et al:2001)
. . @ Conductance-based compartmental
@ Gene expression data clustering L
model optimization (Santana et

(Pena et al:2004) al:2010)
) gples St prechaien (S o @ Neuroevolution (Holker:2011)

al:2004)
. . ) @ Optimal channel selection in MEG
@ Protein folding problems (Alden:2007, and EEG recordings (Santana et

Chen et al: 2009, Santana et al al:2011,Santana et al:2012)

2004:2007:2008) ° ) -
@ SNP tagging selection (Santana et ?Aﬂi?néls’giz:%gaémg& 3)

al:2010)
@ Molecular docking (Soto et al:2012)
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EDA applications

Protein folding in the HP model
Side chain placement

Protein folding

@ A protein is a sequence of
aminoacids

@ Protein sequences fold into
a native 3-d structure

@ The native structure of a
protein is the one for which
the free energy is minimum

@ Laws that govern protein
folding are unknown

Santana
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Protein folding in the HP model

EDA applications Side chain placement

Computational approaches to protein folding

Computational models

@ Hydrophobic-Polar (HP) model (Dill: 1985)
@ Off lattice models (Hsu et al: 2003)

@ Rotamer configurations and rotamer libraries (Ponder and
Richard: 1987)

@ Detailed atom-based models (Lazar et al: 1997)
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Protein folding in the HP model
Side chain placement

HP model protein

Characteristics

@ Type of residues:
hydrophobic (H) and
hydrophilic or polar (P)

@ Located in regular lattice
models

@ In the lattice, residues form
self-avoided paths

@ Energy interactions:
defined from H-H and H-P
contacts

P

[ ]

Figure : Fold for sequence
HPHPPHHPHPPHPHHPPHPH

Santana
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HP model

Energy function

@ Interactions between topological neighbors:

@ ey =—1
® epp=0
@ cpp=0

ot

@ Given a sequence with n aminoacids, the solution is a
vector of dimension n

@ X; represents the relative movement of residue i/ with
respect to the two previous residues in the sequence

@ In a 2-d lattice: X; € {0,1,2}

Santana Discovering and using the structure of real-world optimizatio



Protein folding in the HP model

EDA applications Side chain placement

HP model

Energy evaluation for a configuration of HHHPHPPPPPH

Santana Discovering and using the structure of real-world optimizatio



Protein folding in the HP model

EDA applications Side chain placement

HP model

Energy evaluation for a configuration of HHHPHPPPPPH

connected neighbors

Santana Discovering and using the structure of real-world optimizatio



Protein folding in the HP model

EDA applications Side chain placement

HP model

Energy evaluation for a configuration of HHHPHPPPPPH

connected neighbors
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

topological neighbors
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

topological neighbors
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

topological neighbors
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

topological neighbors
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

Energy=
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

Energy= -1
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

Energy=-1+0
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

Energy=-1+0+0
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

o———©O o @)

epH =0

8

Energy=-1+0+0+0
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HP model

Energy evaluation for a configuration of HHHPHPPPPPH

e——O
Energy=-1+0+0+0 = -1
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HP model

Figure : Multiple folding configurations for the same sequence.
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HP problem

Solution representation
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HP problem

Solution representation
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HP problem

Solution representation

e———O
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HP problem

Solution representation

e———O
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HP problem

Solution representation
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HP problem

Solution representation

(05071727271717_7_5_7_)
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HP problem

Solution representation

e———O o——-=oO

(0)071)272)131)27_)_7_)
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HP problem

Solution representation

(070717272717172527_7_)
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HP problem

Solution representation

(05071527251717272707_)
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HP problem

Solution representation

(0,0,1,2,2,1,1,2,2,0,2)
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EDA applications

HP instances

Protein folding in the HP model
Side chain placement

TABLE I
HP INSTANCES USED IN THE EXPERIMENTS AND CORRESPONDING BEST PUBLISHED SOLUTIONS IN THE 2-D REGULAR LATTICE.
inst. size H(x*) HPPA(x*) sequence
s4 36 —14 ~14 P’HHPPHHP H"PPHHP*HHPPHPP
s5 48 3 -23 PPHPPHHPPHHP H'YPSHHPPHHPPHPPH®
sT 60 —36 -35 PPHPH®P*HPHP*H?P'HSPHHPHP
8 64 42 —42 H“@PHPH{PPHH}*PPH{PPHH’PPH{PPHH}*PPHPHPH"
s10 10 —48 ~47 PSHPH?P°H®*PH°PH?P'H*P*H2PH°PH"PH2PH"
PUHTP2HPH*P°HPH
si1 100 —50 —48 P*H?P’H'P?H*PH’PH?PH*P*H®P>H®P°HPH"

PHVI P2H3PH?PHP*HPHPSH?
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EDAs: probabilistic model used

Markov-chain model

n

puc(X) = p(xt, - Xie1) [ POG | Xz, Xik)

Tree model

=i
I
=
+
N
\

pree(X) = [ [ p(xi | pa(x))

i=1

Mixture of trees model
m
PuT(X) = > AiPee(X)
i—1

A\

Santana Discovering and using the structure of real-world optimizatio



EDA applications

HP model: Results

TABLE IX

RESULTS OF THE EDAS, THE HYBRID GA, AND THE IA IN THE THREE-DIMENSIONAL LATTICE

Protein folding in the HP model
Side chain placement

hybrid GA 1A MK-EDA2 TreeEDA MT-EDA,
H(x) mean+to H(x) mean+o H(x) mean+to H(x) meanto H(x) meanto
s1| -11  -9.84+0.86 11 -10904+0.32 | -11 -11.00£0.00 | —11 -11.00£0.00 | ~11 —11.00%0.00
—11 -11.00£0.00 | -11 -10.96+004 | —11 —11.00 0.00
s2| —11 —10004087 | —13 -12.224065 | —13 -12.94+0.09 | —13 -1286+0.16 | —18 —12.70 + 0.50
~13  -13.00£0.00 | -13 -12.96+0.04 | —13 -13.00  0.00
s3 -9 —8.64 + 0.69 -9 —8.88+0.48 -9 —8.94+0.06 -9 —8.90 +0.09 -9 —8.98 + 0.02
-9 -8.96+004| -9 -898+0.02| -9 -898+0.02
s4| —18 —1372+141| —18 —16.08+1.02 | —18 1566154 | —18 —16.34+051 | —18 -16.32+0.10
18  -15484083 | —17 —15.00£086 | —18 —15.0240.88
85 —28 —18.90%2.08 —28 —-24.82%+0.71 —22 —19.66 = 1.37 =27 —23.62+1.83 —-23 —18.44 &+ 1.60
—24 2052115 | -24  —2068+165 | —24  —20.22+2.30
s6 | —22 —19.06+1.46 | —23 —22.08+143 | —30 -26.30£2.26 | —30 -2600+282| —28 -26.70+1.97
—26 -23.38+1.30 | -26 -2208+248 | —24 -22.54+1.27
ST | —38 —322843.00 | —41 -30.02+£050 | —37 —3266+3.13 | -37 32944153 | -35 —31.7242.98
—38 84 +2.91 —33.10 £ 3.11 —38 46
s8| =36 —3084+255 | —42 —30.07+120 | —42 -36.66+4.02 | —44 -3470£6.87 | —37 —32.24+247
—40 —34.66 £ 2.60 —34 —30.82 + 2.97 —-37 —30.96 £ 2.47
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Marginal probabilities

PHP(X3, X4, Xs5) PHP(X3) - PHP(Xa) - PHP(Xs5)
Seq| 0—— 1—— 2—— Seq | 0—— 1—— 2——
—00 | 0.000 0.057 0.069 —00 | 0.036 0.042 0.036
—01 ] 0.035 0.036 0.038 —01 ] 0.036 0.042 0.036
—02 | 0.035 0.036 0.035 —02 | 0.036 0.042 0.036
—10| 0.029 0.034 0.035 —10 | 0.033 0.038 0.033
—11 ] 0.038 0.040 0.038 —11 ] 0.033 0.039 0.033
—12 | 0.035 0.034 0.029 —-12 1 0.033 0.038 0.033
—20 | 0.035 0.036 0.035 —20| 0.036 0.042 0.036
—2110.0838 0.036 0.035 —21 1 0.036 0.042 0.036
—22 | 0.069 0.057 0.000 —22 1 0.036 0.042 0.036

Santana Discovering and using the structure of real-world optimizatio



Protein folding in the HP model

EDA applications Side chain placement

Marginal probabilities

PHp(X3, X4, X5) PHP(X3) - PHP(Xa) - PHP(X5)
Seqg| 0—— 1—— 2—— Seq | 0—— 1—— 2——
—00 | 0.000 0.057 0.069 —00 | 0.036 0.042 0.036
—01 | 0.035 0.036 0.038 —01 ] 0.036 0.042 0.036
—02 | 0.035 0.036 0.035 —02 | 0.036 0.042 0.036
—10 | 0.029 0.034 0.035 —101] 0.033 0.038 0.033
—11 ] 0.038 0.040 0.038 —11 ] 0.033 0.039 0.033
—12 |1 0.035 0.034 0.029 —12 1 0.033 0.038 0.033
—20 | 0.035 0.036 0.035 —20 | 0.036 0.042 0.036
—21|0.038 0.036 0.035 —21]0.036 0.042 0.036
—22 | 0.069 0.057 0.000 —22 1 0.036 0.042 0.036

Regularities are captured by the marginal probabilities
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EDA applications

Relevant partial structures

Protein folding in the HP model
Side chain placement

*—>0 [ ]

Figure : Configurations with highest probabilities: Helices

[ ]

—

Figure : Configurations with smallest probabilities: self-intercepting

chains

Santana
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Information extraction

Figure : Helices are present in the best solutions.
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Proteins

Proteins in detail
@ Side chains join to the backbone forming dihedral angles

@ Rotamer: single side chain conformation represented by a
set of discrete values

Figure : From left to right: original pdb1mrj protein structure, its
skeleton, and the side chains.
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Rotamers and rotamer libraries

Characteristics

@ A rotamer library is a collection of rotamers for each
residue type

@ Rotamer libraries can be backbone-independent or
backbone-dependent

@ The optimization problem is 'reduced’ to the search of the
optimal rotamer configuration for each residue

Santana Discovering and using the structure of real-world optimizatio
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Representation

Energy function

@ Let K; be the number of feasible rotamer configurations for
residue Xx;

@ E(x;) is the energy interaction between the rotamer and
the backbone

@ E(x;, x;) is the interaction energy between the couple of
rotamers

n n—1 n
Ex) =Y E(x)+ > E(xi,x)

i=1 i=1 j>i

Santana Discovering and using the structure of real-world optimizatio
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Integrated optimization approach

Steps for the solution of the problem

@ Problem reduction: Dead-end elimination algorithm
(DeMaeyer et al: 2000)

@ Global search: UMDA

@ Solution refinement: Variable neighborhood search (VNS)
(Mladenovic and Hansen: 1997)

Santana Discovering and using the structure of real-world optimizatio
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EDA applications Side chain placement

Experimental results

Protein benchmark

@ 325 X-ray crystal structures with a resolution better than or
equal to 2A

@ The size of the proteins between 7 and 1982 residues

@ Results achieved by the Side-chain PRediction INference
Toolbox are taken as a reference

Santana Discovering and using the structure of real-world optimizatio
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Experimental results

sults for the protein benchma

UMDA UMDA + VNS

pdb id best S mean + o best S mean + o
pdb1buu 200.23 | 12 | 200.70 £+ 0.30 200.23 | 50 | 200.23 £ 0.00
pdb1bvi 132.54 | 50 | 132.54 + 0.00 132.54 | 50 | 132.54 + 0.00
pdbiema 286.39 | 48 | 286.47 +0.37 286.39 | 49 | 286.41 £+ 0.10
pdbiet9 227.14 | 16 | 227.66 + 1.20 226.79 | 22 | 226.90 + 0.09
pdb1h6h 97.95 | 15 98.44 £+ 0.34 97.95 | 50 97.95 £+ 0.00
pdb1hh8 374.63 1 | 414.96 + 2.71 370.16 | 50 | 370.16 & 0.00
pdbimrj 232.66 3 | 239.23 +3.08 232.66 | 36 | 232.86 £ 0.31

pdb2fcr 236.28 | 50 | 236.28 £ 0.00 236.28 | 50 | 236.28 £ 0.00
pdb2ilk 138.54 | 50 | 138.54 4 0.00 138.54 | 50 | 138.54 + 0.00
pdb2tir 92.60 | 50 92.60 £ 0.00 92.60 | 50 92.60 £ 0.00

pdb3kvt 163.96 | 33 | 164.15 4 0.34 160.50 | 50 | 160.50 + 0.00

Table : Results achieved by UMDA and UMDA+VNS

antana scovering and using the structure of real-world opt
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Learning and using symmetries

Figure : Skeleton and side chains found by an EDA for the tetramer
pabld2e.

Santana Discovering and using the structure of real-world optimizatio
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Information extraction

Table 2. Results achieved by UMDA, Tree-EDA and Tree-EDA" for the selected

instances
UMDA Tree-EDA Tree-EDA"™

pdb id |size|exp. best|S|mean best|S|mean best| S|mean

pdbldxr | 353| 30|(1703.73|1|1722.79{|1701.61|1{1716.89(|1695.16| 5[1699.57
pdbldz4 | 288 875.77| 1| 884.79| 868.92| 1| 880.96|| 867.01| 3| 872.16
pdbld2e | 281 1839.67| 1|1847.65|/1829.95| 1|1841.83||1823.87| 2|1829.18
pdble6l | 454 1936.92| 1{1958.89(/1942.94| 1|1992.96({1911.46| 1|1918.09
pdble6p | 365 1681.67| 1|{1694.86(/1681.93| 1|1703.08|{1673.47| 1|1680.59
pdbl1f60 | 123 537.42| 3| 540.78|| 536.69| 1| 540.68|| 535.14| 6| 536.41
pdblfmj | 294 1100.51|1{1121.42}|1089.81| 1|1105.23|{1088.80| 8|1092.90
pdblfn9 | 239 989.51| 3| 993.92| 988.82|1|1004.05|| 987.13| 1| 990.61
pdblfnn | 240 T735.75| 1| 749.53|| 732.90| 1| 751.41| 732.01| 4| 735.82
pdblgiq | 265 806.53| 1| 823.58|| 801.38|1| 815.62|| 800.07| 3| 800.95
pdblh3f | 206 785.56| 1| 795.11|| 784.95|1| 794.09| 782.98| 7| 785.68
pdblhd4r | 227 825.64| 1| 830.12|| 816.96| 1| 824.09|| 815.84| 8| 817.45
pdb1h80| 229 1036.90| 1{1040.45(/1034.96| 1{1039.07|/1034.77| 9|1035.15
pdbligc | 288 1538.37| 1{1546.85(|1531.80| 1{1536.20(|1530.18| 5|1532.12
pdbljmx| 285 1518.10| 1{1545.51(|1510.21| 1|{1534.77|/1504.70| 3|1510.91
pdbl1j3b | 289 1600.16| 1{1625.67||1592.75| 1|1616.81||1584.68| 2|1598.96
pdb1jsf | 320 957.08| 1| 964.50|| 942.69|3| 954.67|| 942.62|16| 943.56
pdbllgt | 268 935.95| 1| 967.32| 926.16| 1| 941.13|| 926.16|12| 927.22
pdbllsh | 350 1125.04| 1|{1135.00(|1120.77| 1|1132.27|{1117.76| 1|1119.78
pdbltki | 164 858.67| 1| 867.24| 856.62| 1| 860.97|| 855.56| 5| 856.98
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Protein folding in the HP model

EDA applications Side chain placement

Protein pdb1tk

Chain B

Chain B

Chain A

Figure : Skeleton and best side chain configurations found by the EDAs. (Left):
Tree-EDA. (Right): Tree-EDA'.
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Current research

Research directions

@ Probabilistic modeling for multi-objective problems.

@ Methods for transfer learning between optimization
problems.
@ Learning and using symmetries in the search space.

@ Software development for practical EDA applications.
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Multi-objective optimization

Pareto dominance
@ A maximization problem with k objective functions
fix) =R, ie{l,...,k}
@ The vector function f maps each solution x to an objective
vector f(X) = (f(x),..., i(x)) € R¥
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Multi-objective optimization

Pareto dominance

@ The underlying dominance structure is given by the Pareto
dominance relation that is defined as
X,y € X, X Xp Yy < fi(x) < fi(y)Vi.

@ F'is a set of objectives with 7/ C F := (fy,..., f)

@ The Pareto (optimal) set is given as
{xe X|Ay e X\ {x}:y <rxAXZAry}
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Extending learning in optimization
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Figure : Pareto front (stars) and dominated solutions (blue dots) for a
bi-objective problem
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Multi-objective optimization

Multi-objective optimization approaches

@ Goal: Find a Pareto-set approximation.
@ Use probabilistic modeling of solutions.

@ Provide the user with a set of solutions, with different types
of trade-offs between the objectives, for informative
decision making.
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Multi-objective EBNA

0 BNy < (Sp, 8°) where Syis an arcless dag and 6 is uniform
© Potx) =TT px) = T2 &

Dy < Sample M individuals from pg(x)

t1

D;S_e1 < Select N individuals from D; _4 using
Pareto-ranking selection.

S; + Use local search to find one network
structure that optimizes scoring metric

o
o
e 0!« Calculate Gf/-k using DS as the data set
Q BN; « (S}, 6")

Dyt <+ Sample M individuals from BN;
8 } until Stop criterion is met
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Channel selection in BCl domains

BCI data analysis

@ BioMEG-2010 Challenge question: Apply a classifier to predict in which direction
four subjects were covertly attending.

@ Evaluation of the results: Contestants should report the classification rate
(proportion of correctly classified trials) for each subject as computed using
leave-one-out cross-validation and report the classification procedure.

All 274 channels and occipitoparietal channels

Santana Discovering and using the structure of real-world optimizatio



Multi-objective optimization
Transfer learning
Symmetries

Extending learning in optimizati
xtending learning in optimization Software

Problem approach

Factors in MEG data analysis

@ Type of information.
@ Type of classifier.
@ Channels from which information is extracted.

>

Classification

@ Regularized logistic regression using elastic net (Friedman
et al. 2009).

@ /ambda selection: lambda that maximizes accuracy of the
training set.
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Selection of optimal channels

Feature subset selection approach using optimization

@ Find the set of channels (features) whose corresponding variables, passed to the
classifier, give the best accuracy.

@ A binary vector x = (xq, . .., Xo74) represents a possible subset of channels.

Estimate accuracy with (less costly) 2-fold cross-validation accuracy.

@ Simultaneously optimize the accuracy for all the subjects with multi-objective
optimization, (likely) sacrificing accuracy but increasing robustness.

@ Reevaluate with leave-one-out cross-validation accuracy only solutions in the
Pareto set.
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Accuracy results for the four types of information and all 274 channels (top) and
occipitoparietal channels (bottom)
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Results

Answer to the challenge: Best achieved results using the combined type of
information

Subjects 1 2 3 4
Accuracy | 0.8701 | 0.8505 | 0.8031 | 0.8031
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Analysis of the Pareto set solutions

Most informative channels can be automatically extracted from Pareto set of solutions and compared with a
priori known sets of involved brain areas.

The accuracy provided by each channel can be estimated by averaging accuracies of solutions where each
channel is involved.

Channels that were in at least 80% of Pareto set solutions (black) and average channel classification
accuracy (color)

ombined
Santana Discovering and using the structure of real-world optimizatio
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Subject 3 Subject 4
Figure : Channels that were identified as relevant.
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Results on a larger set of subjects
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Fig. 10 Classification accuracy achieved in the complete set of 15 sub-
jects and with the raw+-correlation type of information. Different sub-
sets of channels have been used: all the channels, the occipitoparietal
channels. and the best solution of the Pareto-set computed using only 4

subjects
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Probabilistic modeling in multi-objective problems

Variables  Objectives

Initialization

Replacement

Model
Learning

Sampling

Figure : Joint modeling of variables and objectives.
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Probabilistic modeling in multi-objective problems

X, — X, —(X, X, — X,

~~— A~ M

Fig. 1. Example of a multidimensional Bayesian network structure.

Figure : Joint modeling of variables and objectives.
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Transfer Learning

@ What information extract from
B the problems?
. e

! @ How to define relatedness
between problems?

@ How to transfer the available
—_| information?
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Multi-objective optimization
Transfer learning
Symmetries

Software

Extending learning in optimization

Transfer Learning

Transfer Learning for
Optimization
@ Transfer of solutions
INFORMATION Optimization
——— el @ Structural transfer

@ Behavioral or algorithmic
transfer

@ Combined transfer

|
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TagSNPs Selection Problem

Extending learning in optimization

@ If an individual carries out a SNP then, with high probability
will carry out another “close” SNP

@ The value of one SNP can be used to predict the value of
other SNP

@ TagSNP selection problem:

Given a set of SNPs, find the minimum subset that
can be used to predict the rest of SNPs

@ Prediction ability is given in terms of correlation

Santana Discovering and using the structure of real-world optimizatio



Multi-objective optimization
Transfer learning
Symmetries

Software

Extending learning in optimization

Datasets

Index Population | n.ind. | SNPs n' | pairs | triples
1 Adygei 15 1388 | 1048 | 3445 | 203640

2 Balochi 24 1399 | 1020 | 3486 | 220892

3 BantuKenya 11 1338 800 | 2183 89372

4 BantuSouthAfrica 8 1379 905 | 2553 | 127780

5 Basgue 24 1362 | 1042 | 3956 | 252296

6 Bedouin 45 1433 | 1015 | 3147 | 182836

7 Bengali 15 1390 | 1007 | 3374 | 211439

8 BiakaPygmy 23 1322 700 | 2071 78136

9 Brahui 24 1368 975 | 2770 | 140452
10 Burusho 23 1388 | 1016 | 3272 | 197048
11 CEU 60 1386 | 1018 | 3227 | 191730
12 Cambodian 8 1335 | 1067 | 3476 | 219632
13 Colombian 7 1175 | 1008 | 4467 | 264906
14 Dasi 10 1267 982 | 3762 | 212758
15 Daur 10 1248 956 | 3372 | 187016
16 Druze 41 1377 | 1019 | 3306 | 190120
17 French 28 1418 | 1068 | 3596 | 229216
18 Han 34 1273 946 | 3527 | 211194

Santana Discovering and using the structure of real-world optimizatio



Multi-objective optimization
Transfer learning
Symmetries

Extending learning in optimizati
xtending learning in optimization Software

Aggregated Interactions for transfer learning

Instance 2 4 Instance
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Transfer Learning Results

mean I Best
UMDA Tree Tnl | Tn2 | Tnd | Tnd Tnl Tnd
367.63 | 291.30 1 281 | 281 | 280 | 283 || 285.60 287.33
371.17 | 304.50 2 2906 | 298 | 299 | 297 | 300.13 302.00
349.73 | 285.97 3 | 281 | 282 | 283 | 284 | 284.27 285.13
378.47 | 308.67 4 | 304 | 304 | 3086 | 306 | 306.47 309.03
360.80 | 286.53 5 276 | 278 | 282 | 282 (| 281.53 286.00
381.63 | 302.37 6 205 | 297 | 295 | 204 (| 299.23 299.00
346.93 | 281.27 T | 271 | 269 | 271 | 271 || 275.60 275.80
329.23 | 265.70 8 263 | 263 | 265 | 264 || 265.07 265.73
374.53 | 299.37 9 | 291 | 293 | 291 | 292 | 294.80 206.17
359.30 | 291.43 10 | 284 | 285 | 283 | 284 || 287.33 287.80
370.00 | 299.43 11| 291 | 291 | 289 | 288 || 296.50 294.23
346.93 | 276.00 12 | 265 | 266 | 270 | 269 || 271.07 274.20
204.20 | 238.90 13| 230 | 229 | 229 | 232 || 233.57 236.80
332.37 | 266.90 14 | 257 | 255 | 260 | 258 || 261.03 262.83
332.90 | 267.63 15 [ 260 | 261 | 266 | 261 || 264.73 264.97
369.90 | 297.37 16 | 290 | 286 | 289 | 288 || 293.63 293.60
374.17 | 290.70 17| 281 | 279 | 282 | 284 || 285.80 288.63
331.87 | 262.37 18 | 255 | 255 | 255 | 256 || 258.13 259.17
336.60 | 269.43 19 [ 261 | 262 | 260 | 262 || 265.90 267.00
366.77 | 296.37 20 | 287 | 288 | 289 | 291 || 292.40 295.03
332.33 | 263.27 21 | 253 | 254 | 254 | 253 || 257.27 257.67
340.97 | 278.23 22 | 270 | 270 | 272 | 271 || 274.53 274,47
327.50 | 261.23 23 | 253 | 254 | 255 | 254 || 257.10 257.00
360.00 | 282.43 24 | 271 | 272 | 274 | 272 || 277.37 277.33
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EDAs as network generators

EDAs generate dynamic network

o Extract structural components of the
models

e Compute the topological measures on
the networks

9 Train the classifiers using the
network-derived measures as
features

0 Classify networks generated in the
solution of unknown problems

Santana
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Learning and using symmetries

Figure : Skeleton and side chains found by an EDA for the tetramer
pabld2e.
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Learning and using symmetries

How to identify and use symmetries in the problem?

@ Which types of symmetries are in the problem? Variables
symmetries and value symmetries.

@ Symmetry learning from data and models?
@ How to use the symmetries to sample more efficiently?

@ Could symmetries be used for adjusting the
representation?
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Software development

Making software available

@ Mateda: A Matlab package for EDAs.
@ Adding EDA modules to problem-domain software packages.
@ Pateda: An implementation of EDAs in Python.

D Santana et al:2010
Mateda-2.0: Estimation of distribution algorithms in MATLAB.
Journal of Statistical Software
B Su and Cho: 2011
Performance evaluation of an EDA-based large-scale plug-in hybrid electric vehicle charging algorithm.
IEEE Transactions on Smart Grids
Ij Armananzas et al: 2012

Peakbin selection in mass spectrometry data using a consensus approach with estimation of distribution
algorithms.
IEEE/ACM Transactions on Computational Biology and Bioinformatics (TCBB)




Conclusions

Conclusions

@ Probabilistic modeling in optimization has a great potential for understanding and
exploiting problem structure.

@ The use of a priori information, problem modeling, and information extraction
open new possibilities of application in the real world.

@ Transfer learning between problems and automatic detection of the symmetric
structure are also promising trends.
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