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Objectives

General research questions

Investigate mechanisms to balance the accuracy and
complexity of probabilistic models learned by EDAs.

Particular research questions

To what extent it is possible to relax the complexity of the
k-order Markov models without sacrificing performance?
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Models of different complexity

EDAs
Univariate models.

Probabilistic trees.

Bayesian networks and Markov networks.

Complexity and accuracy

Complex models are more expressive in the type and
number of interactions they are able to represent.

Simple models are easier to learn, less expensive to
compute, and easier to sample.
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k-order Markov model

Characteristics
Initially derived from a problem structure (Santana,
Lozano, Larrañaga:2004).

Each variable depends on the k , k ∈ N , previous
variables in a given order.

k-Markov models can be seen as a generalization of chain
shaped distributions (DeBonet et al:1996),
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EDAs: probabilistic model used

k-Markov models
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Figure: k-order Markov models of different complexity.
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k-order Markov model

k-Markov model

pMK (x) = p(x1, . . . , xk+1)
n
∏

i=k+2

p(xi | xi−1, . . . , xi−k )

Characteristics
Why Markov? : Inspired in Markov chains in which the state of variable Xi
depends on the states of its previous k variables in the Markov chain.

They are different to Markov networks also applied in EDAs
(Santana:2003,Shakya and McCall:2007).

Used in problems where the assignment to a given variable can be made to
mainly depend on the assignments of the previous k variables.
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Characteristics of the k-order Markov model

Advantages
Only parametric learning is required.

Validated using binary and non-binary (discrete) problems.

They can be also applied to continuous problems (unpublished results).

Disadvantages
The computational complexity grows as n(mk+1) where n is the number of
variables and m is the cardinality.

In practice it is not feasible to investigate the suitability of Markov models for
higher values of k .
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Problem definition and solution approach

Challenge

Find feasible approximations of k-order Markov models.

Decrease the number of parameters required to
approximate p(xi , k).

Solution approach

Solution: Regress Xi in terms of different combinations of
its previous k values.

Apply regularization to enforce sparsity in the
regularization.
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Regularization

Regularized models

Goal: Get from data a model characterized by a certain set
of parameters.

The model should minimize the expected prediction error,
test error or generalization error.

Serve to solve ill-posed problems, to avoid overfitting, and
select relevant variables.

Regularization

Regularization: Trades a little bias in exchange of a larger
reduction in variance
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Regularization

Regularized regression

minβ =

(

n
∑

i=1

(yi − xT
i β) + λJ(β)

)

(1)

where J(β) is the penalization function and λ controls the
amount of regularization.

Regularization helps to keep regression coefficients
variance under control.
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Regularization

Regularized regression

J(β) =
p
∑

j=1

|βj |
q (2)

q = 2: Ridge or l2-regularization shrinks the parameters
(Hoerl and Kennard, 1970).

q = 1: Lasso or l1-regularization shrinks the parameters
and selects variables (Tibshirani, 1996).

q = 0: Classical feature selection approach, where β is the
number of free parameters.
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Regularization methods in EDAs

EDAs that use regularized models

l1-regularization for BOA (Yang et al:2010).

Different variants of regularization methods for continuous
EDAs (Karshenas et al:2011).

l1-regularized logistic regression for learning the Markov
network structure in the DEUM paradigm (Valentini:2011).
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Regularized multi-logit regression

Regularization methods

log
Pr(Xi = l |y)
Pr(Xi = m|y)

= β0l + yTβl , l = 1, . . . ,m − 1 (3)

where βl0 and βl are the parameters of the linear model for
class l , and y is a p-vector of predictor variables.
Following (Friedman et al:2010,Zhu and Hastie:2004),

Pr(Xi = l |y) =
eβ0l+yTβl

∑m
j=1 eβ0j+yTβj

(4)
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Regularized k-order Markov model

Different ways to select the predictor variables

Rgk: Xi is predicted given its previous k variables in the
ordering.

BivRgk: Combination of all pairwise interactions between
its previous k variables.

AllRgk: Combination of its previous k variables and their
corresponding pairwise interactions.
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Regularized multi-logit regression

Regularization methods

Algorithm 1: MkRg-EDA

1 D0 ← Sample M individuals from a random uniform
distribution and evaluate them

2 t← 1
3 do {

4 DSe
t−1 ← Select N individuals from Dt−1

5 For each variable Xi , learn a regularized model of
Xi given its predictors

6 Using the set of regularized models, sample M
new individuals and evaluate them

7 } until Stop criterion is met
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Sampling

Sampling alternatives

Random initialization.

Use a set of solutions previously evaluated, selected or full
population at time t − 1.

Initialization from sampling simpler probabilistic models.

Random initialization followed by the application of a local
optimizer.
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Sampling
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Figure: Two different types of probabilistic graphical models
according to their topology. (a) Central model. (b) Markov model
k = 1.
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Proteins

Definitions
A protein is a sequence of aminoacids.

Each amino acid has a peptide backbone and a distinctive
side chain.

Protein sequences fold into a native 3-d structure.

The native structure of a protein is the one for which the
free energy is minimum.
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HP and functional model protein

Characteristics
Type of residues: hydrophobic and hydrophilic or polar.

Located in regular lattice models.

In the lattice, residues form self-avoided paths.

Energy interactions: defined from H-H and H-P contacts.

Protein folding in HP model

To find the HP configuration with lowest energy.
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HP and functional model protein

H P
H −1 0EHP =
P 0 0

H P
H −2 1Efun =
P 1 1
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HP model protein

Example

b b
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b)

a)

Figure: (a): One possible configuration of sequence HHHPHPPPPPH in the HP functional model.
Hydrophobic proteins are represented by black beads and polar proteins, by white beads. There is one HH
interaction (represented by a dotted line with wide spaces), one HP interaction (represented by a dashed line) and
two PP interactions (represented by dotted lines) contacts. (b): Another possible configuration of the same
sequence with a different pattern of interactions.
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HP protein representation

Relative codification (Krasnogor et al:2002)
An HP protein configuration is a walk in the lattice (sequence of moves).

The two initial residues are located adjacent in the lattice.

Each other residue is located to the left, to the right, or forming a line with the
previous two residues.

Xi will represent the relative move of residue i in relation to the previous two
residues.

Taking as a reference the location of the previous two residues in the lattice, Xi
takes values in {0, 1, 2}.

With respect to the location of the previous two residues, xi = 0 means that
residue i is located to left, similarly xi = 1 and xi = 2 respectively mean in line
with the previous two residues and to their right.
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HP model protein

Example
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Figure: The representations of configurations a) and b) are x i = (0, 0, 0, 2, 2, 0, 0, 2, 2, 0, 0) and

x j = (0, 0, 2, 2, 0, 1, 0, 2, 2, 0, 0), respectively.
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HP protein representation

Repairing operator
After solutions have been sampled, the repair operator proposed in (Chen et
al:2009) is applied.

The idea of the repair operator is to correct self-intersecting solutions produced
by sampling.

It is a problem specific operator.

It is more efficient that the one originally proposed in (Cotta:2003) and
subsequently applied in (Santana et al:2004,Santana et al:2008).
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Problem benchmark

Problem benchmark
inst. n H(x∗) sequence
s1 20 −9 {HP}2{PHH}2PHPHHPPHPH
s2 24 −9 HH(PPH)6H
s3 25 −8 PPHPPHHP4HHP4HHP4HH
s4 36 −14 P3{H2P2}2P3H7P2H2P3{PH2}2P2

s5 48 −23 PPHPPHHPPHHP5H10P6

HHPPHHPPHPPH5

s6 50 −21 HHPHPHPHPH4PHP3HP3HP4

HP3HP3HPH4{PH}4H
s7 60 −36 PPH3PH8P3H10PHP3

H12P4H6PHHPHP

s8 64 −42 H12{PH}2{P2H2}
2PPH{P2H2}

2

PPH{PPHH}2PPHPHPH12

s9 85 −53 H4P4H12P6H12P3H12P3

H12P3HP2H2P2H2P2HPH
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Experiments

Experiments goals
1 To what extent the regularized models that incorporate bivariate interactions can

outperform the simpler regularized models?
2 How do the EDAs that use regularized model rank in comparison to Mk1EDA,

the EDA that uses the simplest model among all compared?
3 Do the regularized models capture any type of relevant information about the

problem?
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Results

Results
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Figure: Average fitness at each generation of the EDAs for instance s8.
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Figure: Average fitness at each generation of the EDAs for instance s9.
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Figure: Coefficients associated to each of the k variables in the multinomial
regularized model learned for algorithm MkRg3EDA.
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Conclusions

Main contributions
EDAs that use regularized models based on linear combinations of independent
variables can improve the results of Mk1EDA.

Regularized k -order Markov EDAs were able to outperform MkEDA3.

Another alternative for hybridizing EDAs with other traditional optimization
algorithms.

Possible extensions and future work
More research is needed to determine how the performance of the algorithm is
affected by relaxing the model accuracy.

Developing a flexible k -order model able to identify k according to the nature of
the problem.
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