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Graphical models and EDAs

Probabilistic graphical models

Definitions

A graphical model for X = (X3, X2,
factorization of a joint probability distribution
@ Bayesian networks

K Markov networks

., Xn) encodes a graphical

A probability p(x) is called a Markov random field with respect
to the neighborhood system on a graph G if,
P(xi[x \ xi) = p(xi|bd (xi))
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Graphical models in optimization

Optimization domain

Optimization problem
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Graphical models in optimization

Optimization domain

Optimization problem

Optimization approaches

@ Estimation of distribution algorithms (EDAS)
@ Optimization methods based on inference
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Graphical models in optimization

Optimization approaches

@ Population based evolutionary algorithms
@ Use probabilistic models instead of genetic operators

@ At each generation a probabilistic model of the selected
population is learnt

@ The probabilistic model is used to sample new solutions
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Graphical models and EDAs

Graphical models in optimization

Optimization approaches

@ Population based evolutionary algorithms

@ Use probabilistic models instead of genetic operators

@ At each generation a probabilistic model of the selected
population is learnt

@ The probabilistic model is used to sample new solutions

-

Optimization methods based on inference

@ Based on message passing algorithms

@ Inference is used to find consistent marginals or the most
probable configuration

@ Exact and approximate inference methods can be used

=] = = =

DA™



Graphical models and EDAs

Graphical models in optimization

EDAs

Main scheme of the EDA approach

@ Dy — Generate M individuals randomly

Q=1

@ Do

Q Df , < Select N < M individuals from D;_,

(5 ) pi(x) = p(x | D} ;) « Estimate the joint probability
of selected individuals

o D, «— Sample M individuals (the new population)
from p;(x)

@ Until stop criteria are met
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Improving the search: self-adapting EDAs

Self-adapting EDAs

Starting questions

@ Which EDA components can be adapted to the search?

@ How can an EDA adapt its components and parameters by
itself?

@ How to obtain relevant information from the search for
self-adaptation?

@ Which is the available repertoire of possibilities for
self-adapting EDAs?
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Improving the search: self-adapting EDAs

Self-adapting EDAs

EDA components that can be adapted to the search

@ The class of probabilistic model
@ Sampling method

@ Selection method

@ Elistism method

@ Parameters: population size, selection and elitism
parameters
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Improving the search: self-adapting EDAs

Self-adapting EDAs

EDA components that can be adapted to the search

@ The class of probabilistic model
@ Sampling method

@ Selection method

@ Elistism method

@ Parameters: population size, selection and elitism
parameters

Requirement for self-adaptation

@ Information about the search history
@ General decision rules based on this information
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Improving the search: self-adapting EDAs

Self-adapting EDAs

© Measures of convergence

Capturing and processing information about the search
@ Fitness related measures

©@ Measures of exploration and exploitation
model

@ Information about the interactions captured in the graphical
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Improving the search: self-adapting EDAs

Self-adapting EDAs

Fitness related measures

@ Average fitness and variance of the population (f o(f))
@ Reponse to selection: R(t) = f(t +1) — f(t + 1)

@ Amount of selection: S(t) = fs(t + 1) — f(t + 1)

@ Realized heritability b(t) = R
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Improving the search: self-adapting EDAs

Self-adapting EDAs

Some measures related to the probabilistic model
@ Number of edges in the graph
@ Size of the maximum clique of the graph
@ Number of maximal cliques of the graph
@ Number of connected components
@ Chordality of the graph
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Improving the search: self-adapting EDAs

Self-adapting EDAs

@ Varying the strength of selection according to the diversity
of solutions

@ Choice of the probability model class according to the
graph complexity

@ Determination of the sampling algorithm according to the
graph topology

@ Increasing the population size to avoid stagnation of the
search

Alternatives for adaptation
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Region-based decompositions

Region-based decompositions
@ Introduction

@ Kikuchi approximation
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Region-based decompositions

Introduction

Application to probabilistic modeling

Region-based decompositions
@ They can be constructed from different graph
representations (e.g. undirected and factor graphs)

@ They can be adapted according to the graph complexity
(e.g. partial Kikuchi approximations)

@ Different sampling algorithms can be applied
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Kikuchi approximation

Energy approximations

Work on region-based decompositions
@ Bethe approximation of the energy (Bethe: 1935)

@ Kikuchi approximation of the energy (Kikuchi: 1951)

@ Use of region-based decompositions in probabilistic
inference (Yedidia et al: 2004)

DA™



Kikuchi approximation

Region-based decompositions

Region-based decompositions

© Region-based decompositions to approximate probability
distributions
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Region-based decompositions

Objectives
© Region-based decompositions to approximate probability
distributions
@ Algorithms to learn region-based decompositions

DA™




Kikuchi approximation

Region-based decompositions

Region-based decompositions

Objectives

© Region-based decompositions to approximate probability
distributions

@ Algorithms to learn region-based decompositions

© Use of region-based decompositions in optimization
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Region-based decompositions

Kikuchi approximation

Region graphs
@ Region R of the independence graph G = (V,E)
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Region-based decompositions

Kikuchi approximation

Region graphs

@ Region R of the independence graph G = (V,E)
@ Graph region-based decomposition (R, U)

@ Valid region-based decomposition: > rer Cr =1
X CXR
Clique-based decompositions
@ Choice of the initial regions: maximal cliques
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Region-based decompositions

Kikuchi approximation

Region graphs

@ Region R of the independence graph G = (V,E)
@ Graph region-based decomposition (R, U)

@ Valid region-based decomposition: > rer Cr =1
Clique-based decompositions

X CXg

@ Choice of the initial regions: maximal cliques

@ Calculation of the regions: cluster variation method
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Kikuchi approximation

Kikuchi approximation

Kikuchi approximation of a probability distribution p(x):

k() = [T ()

ReR
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Kikuchi approximation

Kikuchi approximation

Kikuchi approximation of a probability distribution p(x):

k() = [T ()

ReR

Example
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Region-based decompositions

Kikuchi approximation

Kikuchi approximation

Kikuchi approximation of a probability distribution p(x):

k() = [T ()

ReR
Example
K(x) = P(Xa, X7 )P(XT , Xg )P (XE » Xx )P(XE , XL)P(XL, X5 )P(Xs , X8 )P (X8, XD )P(XE, XD )
P(x1)P(xe )3P(XL)P(Xs)P(X8 )P(XD) haco




Kikuchi approximation

Region-based decompositions

Kikuchi approximation

Complexity of the approximation: some influencing factors
@ Number and cardinality of the variables
@ Number of cliques

@ Size of the maximum clique
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Region-based decompositions

Kikuchi approximation

@ Number and cardinality of the variables
@ Number of cliques
@ Size of the maximum clique

Partial Kikuchi approximations
@ Some of the irreducible incomplete components are
approximated by the corresponding Kikuchi approximation
@ The rest of components are calculated exactly
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a Generalized EDA

@ An integrated approach: Generalized EDA
@ Alternatives for modeling and sampling
@ Learning algorithms
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An integrated approach: Generalized EDA

Generalized EDA

Pseudocode of the generalized EDA

0 Sett < 0. Generate M points randomly

Q do {

e Select a set S of N < M points according to a selection method

0 Learn an undirected-graph-based representation of the dependencies
inS

Q Using the graph, determine a class of graphical model or approximation
strategy to approximate the distribution of points in S

e Determine an inference algorithm to be applied in the graphical model

0 Generate M new points from the model using the inference method

Q tet+1

© } until Termination criteria are met
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Alternatives for modeling and sampling

Generalized EDA

Generalized EDA

Graphs Graphical model Inference Approximation
exact graph univariate PLS exact
univariate MPC exact
junction tree PLS exact
junction tree MPC-BP exact

junction graph PLS approximated

junction graph MPC-BP approximated

clique-based Kikuchi approximation ~ GS approximated

Bethe approximation MPC-loopy BP approximated

subgraph

triangulated graph

Table: Approximation strategies, graphical models, and inference

Kikuchi approximation
univariate

univariate

junction tree

junction tree

junction graph
junction graph
clique-based Kikuchi approximation
Bethe approximation
Kikuchi approximation
junction tree

junction tree

MPC-generalized BP
PLS

MPC

PLS

MPC-BP

PLS

MPC-BP

GS

MPC-loopy BP
MPC-generalized BP
PLS

MPC-BP

approximated
approximated
approximated
approximated
approximated
approximated
approximated
approximated
approximated
approximated
exact

exact

methods to be employed by EDAs based on undirected graphs
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Learning algorithms
Generalized EDA

Generalized EDA

Learn the undirected graph from the data

Determine the region graph decomposition to be employed

Learning and sampling region-based decompositions

Find the marginal probabilities associated with each region

Using the marginal probabilities, calculate the local potential in each region

Otherwise, organize the sampling from the inconsistent marginals

If necessary, apply a propagation scheme to find consistent marginal probability distributions
If convergence is achieved, sample using an algorithm for finding the most probable configurations.
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Conclusions

B Conclusions
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Conclusions

Main conclusions

Conclusions

@ A number of alternatives for introducing self-adaptation in
EDAs has been presented

@ Probability modeling of EDAs has been shown to play an
important role in self-adaptation

@ A generalized EDA has been introduced
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