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Mixtures of distributions

Mixtures of probability distributions

A mixture qm(x) of distributions pj(x) is defined to be a
distribution of the form:

qm(x) =

m∑

j=1

λjpj(x) (1)

with λj > 0, j = 1, . . . , m,
∑m

j=1 λj = 1.
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Mixtures of distributions

Mixtures of probability distributions

Examples

Mixtures of trees: data clustering (Meila and Jordan: 2000)

Mixtures of Gaussian functions: optimization (Bosman and
Thierens: 2002)

Mixtures of Bayesian networks: optimization (Peña et al:
2005)
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Mixtures of distributions

Objectives

Main objectives

To increase the representation capabilities of mixtures of
distributions

To introduce the mixture of Kikuchi approximations

Design of an algorithm for learning mixtures of Kikuchi
approximations

Use of mixtures of Kikuchi approximations to solve
optimization problems
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Introduction

Region-based decompositions

Motivation
Results from statistical physics can be applied to machine
learning

Free energy approximation serves to study propagation
algorithms

Results achieved can be used to improve inference
algorithms for graphical models
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Kikuchi approximation

Energy approximations

Work on region-based decompositions

Bethe approximation of the energy (Bethe: 1935)

Kikuchi approximation of the energy (Kikuchi: 1951)

Use of region-based decompositions in probabilistic
inference (Yedidia et al: 2004)
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Kikuchi approximation

Kikuchi approximation

Region graphs

Region R of the independence graph G = (V , E)

Graph region-based decomposition (R, U)

Valid region-based decomposition:
∑

R∈R
Xi⊆XR

cR = 1

Clique-based decompositions

Choice of the initial regions: maximal cliques

Calculation of the regions: cluster variation method
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Kikuchi approximation

Kikuchi approximation

Kikuchi approximation of a probability distribution p(x):

k(x) =
∏

R∈R

p(xR)cR

Example

X

T

A

E

D

BL

S

k(x) =
p(xA, xT )p(xT , xE )p(xE , xX )p(xE , xL)p(xL, xS )p(xS, xB )p(xB, xD)p(xE , xD)

p(xT )p(xE )3p(xL)p(xS)p(xB)p(xD)
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Kikuchi approximation
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Kikuchi approximation

Kikuchi approximation

k(xS) =
∑

x′|x′
S=xS

k(x′)

k(xA | xB) =
k(x{A,B})

k(xB)

Theorem
Given a Kikuchi approximation k(x) defined on a graph G, and
a set of variables XA,

k(xA | x \ xA) = k(xA | bd(xA))
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Kikuchi approximation

Related work on Kikuchi approximations

Bayes-Kikuchi models for classification (Jakulin et al: 2004)

Kikuchi approximation in optimization (Hoens and
Muehlenbein: 2005, Hoens: 2006)
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Learning Kikuchi approximations

Learning approaches

Types of approaches

Based on independence tests

Score+search approaches
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Learning Kikuchi approximations

Learning algorithms

Learning based on independence tests

1 Learn an independence graph G from the data by using
independence tests

2 If necessary, refine the graph
3 Find the set C of all the maximal cliques of G
4 Construct a clique-based decomposition of the graph
5 Find the marginal probabilities for the regions of the

decomposition
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Expectation-Maximization approach

Learning problem

Incomplete likelihood

Given a set of observations D = {x1, x2, . . . , xN}, we are
required to find the mixture of Kikuchi approximations km(x)
that satisfies

km(x) = arg max
k ′m(x)

N∑

i=1

log k ′m(xi) (2)
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Expectation-Maximization approach

Learning problem

Complete likelihood

L(x1, . . . , xN , z1, . . . , zN |km(x)) =

N∑

i=1

log
m∏

j=1

(λjkj(xi))
δj,zi

=

N∑

i=1

m∑

j=1

δj ,z i (log λj + log kj(xi))

(3)

where δj ,z i is equal to one if z i is equal to the j th value of the
choice variable, and zero otherwise.
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Expectation-Maximization approach

Learning problem

Expectation step

p(Z i = j |xi , km(x)) = γj(xi) =
λjkj(xi)

∑
j ′

λj ′k
j ′ (xi)

(4)

Expectation step

Γj =

N∑

i=1

γj(x
i), j = 1, . . . , m (5)

q j(xi) =
γj(xi)

Γj
(6)
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Expectation-Maximization approach

Learning problem

Mixture of Kikuchi EM
1 t ← 1; Set an initial mixture of Kikuchi approximations
2 Do
3 For j=1 to m
4 For i=1 to n
5 Compute γj(xi), Γj , q j(xi)

6 For j=1 to m
7 Compute the Kikuchi approximation kj(x) of q j(x)

8 λj =
Γj
N

9 t ← t + 1
10 Until termination criteria are met
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Stochastic optimization using EDAs

EDAs

Main scheme of the EDA approach
1 D0 ← Generate M individuals randomly
2 l = 1
3 Do
4 Ds

l−1 ← Select N ≤ M individuals from Dl−1

5 pl(x) = p(x | Ds
l−1)← Estimate the joint probability

of selected individuals
6 Dl ← Sample M individuals (the new population)

from pl(x)

7 Until stop criteria are met
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Stochastic optimization using EDAs

EDAs

Use of mixtures in EDAs
Use of mixtures of Gaussian models for the solution of
multiobjective continuous problems (Bosmann and
Thierens: 2002)

Mixtures of Bayesian models (Peña et al: 2005) for
clustering in continuous optimization

Mixtures of trees (Santana et al: 2001) in discrete
optimization.
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Stochastic optimization using EDAs

EDAs

Mixture of Kikuchi approximations EDA
1 Set t ⇐ 0. Generate N ≫ 0 points randomly
2 Do
3 Evaluate the points using the fitness function
4 Select a set S of M ≤ N points according

to a selection method
5 Calculate a mixture of Kikuchi approximations Q(x)

6 Generate new points sampling from Q(x)

7 t ⇐ t + 1
8 Until termination criteria are met
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Problem benchmark

SAT problem

SAT
SAT consists in finding an assignment of values to a set of n
boolean variables such that they satisfy a given set of clauses
c1, c2, . . . , cr , where ci is a disjunction of literals, and a literal is
a variable or its negation.

3-SAT
The restriction of SAT to instances where all clauses have
length 3 is denoted 3-SAT.
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Results

Numerical results

Table: Percentage of success of MN-EDA and MKA-EDA for a set of
difficult uf20-91 instances

Alg. MN-EDA MKA-EDA2 MKA-EDA3 MKA-EDA4 MKA-EDA5
72.78 84.11 78.63 75.84 72.96

Table: Comparison among MN-EDAs for the aim instances of the
SAT problem.

FDA MN-FDA MN-EDA MKA-EDA2 MKA-EDA4
n mc mb v mb v mb v mb v mb v

50 170 169 10 170 2 170 1 170 2 170 10
50 170 170 6 170 7 170 9 170 9 170 10
50 170 170 7 170 8 170 9 170 10 170 10
50 170 170 9 170 9 170 10 170 10 170 10

100 340 337 1 336 6 337 2 337 1 336 4
100 340 337 1 337 2 337 4 337 3 340 1
100 340 336 7 336 7 336 9 336 6 336 10
100 340 340 2 340 3 340 2 340 2 340 6
Tot. 24 29 31 31 47
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Conclusions

A new class of probability models based on Kikuchi
approximations of probability distributions has been
introduced

An algorithm to learn mixtures of Kikuchi approximations
from data is presented

An EDA based on Kikuchi approximations has been
introduced

MKA-EDA outperforms other EDAs for the problem
considered
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Future work

Design of score+search based algorithms for learning
mixtures of Kikuchi approximations

Application of mixtures of Kikuchi approximations in
classification

Other optimization problems has to be treated
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