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‘Contents I

e Motivations for the work on Kikuchi approximations.

e Factorized distributions and their graphical representations.
e Kikuchi approximations of the distribution.

e The Markov Network Estimation Distribution Algorithm

e Numerical results from the experiments and conclusions.
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\ Motivations'

e EDAs mainly differ in the types of probability models according to
which the probability is factorized.

e An FDA can be more efficient as it 1s able to represent a higher number
of the relevant interactions among the variables (this 1s an assumption).

e How to conceive feasible ways for estimating probability distributions?
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\Goals'

. Expanding the class of factorizations that can be used in the

approximation of distributions.
. Design of algorithms for their identification or construction.
. Procedures for learning the approximations from data.

. Procedures for sampling the approximations.




Some notation and concepts'

We will work with positive distributions denoted by p. p(xg) will denote

the marginal probability for Xs = zg. We use p(z;|x;) to denote the
conditional probability distribution of X; = x; for given X; = x;.

e Cliques, maximal and maximum cliques of a graph.
e Conditional independence graph.
e Junction graph, junction tree, ordered junction graph.

e Factorizations, running intersection property (RIP), valid and invalid

factorizations.
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\ Figure 1: Independence graph and associated ordered junction graph. /




Figure 2: Two different junction trees calculated from the same indepen-

dence graph.
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Methods for finding factorizations'

1. Triangulization (one junction tree 1s constructed)
2. Method for constructing junction graphs.

3. Methods for constructing Kikuchi approximations.
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Example 1. In this example pg is an ordered, valid factorization. The
cliques where marginals are calculated from can be joined to form a
junction tree. py is an ordered, invalid factorization. In this case, cliques

can not be arranged in a junction clique, but a labeled junction graph can
be formed.

p(x1,x2,23) - p(T1,22,%5) - p(T1, T3, Te) - P(T2, T3, T4)
p(flfl,il?2) 'p(iﬁl,l‘s) 'p($2,$3)

p(x1,x2,23) - p(T1,T2,%5) - p(T1, T3, Ts) - P(T4, T5, Te)
p(z1,22) - p(x1,23) - p(T5, T6)

Po =

P1 =




Factorizations

Figure 3: Classifications for different types of factorizations







\Markov Random Fields'

Definition 1. (Neighborhood): The neighborhood N(X;) of a vertex

X; € X isdefinedas N(X;) ={X,; : X; ~ X, € E}. The set of edges
uniquely determines a neighborhood system on G.

Definition 2. (Boundary, bd): The boundary of a set of vertices, Xg C X

is the set of vertices X \ Xg that neighbors to at least one vertex in X g.
The boundary of Xg is denoted bd(Xg).

Definition 3. (Closure, cl): The closure of a set of vertices, Xg C X is the
set of vertices cl(Xg) = Xg U bd(Xg).

Definition 4. A probability p is called a Markov Random Field with respect
to the neighbor system on G if, Vx € X, Vi € {1,...,n},

p(xi|x \ x;) = p(x;|bd(x;)).
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‘ Region based decompositions of graphs'

We define a region R of the neighborhood system G =< V, E > to be a set

V' C V. A graph region based decomposition is an asset of regions R, and
an associated set of counting numbers U which 1s formed by one counting
number cg for each R € R. cr will always be an integer, but might be zero
or negative for some R.

We say that a set of regions R, and counting numbers cg give a valid region
based graph decomposition when for every variable X;:

Z CR:1 (1)

RER
X;CXp
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Example 2.

Ro=1{{1,2,5},{1,3,6},{1,2,3},{2,3,4},{2,4,5},{3,4,6},{4,5,6},{1,5,6} }
Q={{1,2,5},{1,3,6},{1,2,3},{2,3,4},{2,4,5},{3,4,6},{4,5,6},{1,5,6},
{1,2},{2,5},{1,3},{3,6},{2,3},{2,4},{3,4},{4,5},{4,6},{1,5},{1,6},{5, 6},
{1}, {2} {3}, {4}, {5}, {6}}
cr = 1,VR € Ro;
cii,2y = 1 —(cq1,2,5y +cq1,23y) = —1

ciiy =1—(cqi25y F¢1,23) Fcf1,361 +Cc156) +Cf1,2 a3y +cpi50 +cpiey) =1



‘ Kikuchi approximation I

We define the Kikuchi approximation of the probability, denoted as £ as:

k(z) =[] plzr)™, (2)

where R comes from a region based decomposition of the graph. From now
on we will constrain our analysis to Kikuchi approximations of the
Q‘obability constructed from clique based graph decompositions. /




Gxample 3. Kikuchi approximation, constructed from the clique based \

graph decomposition presented in example ??.

Lo = p(x1,72,25) - p(w1, 23, T6) - P(T1, T2, 23) - p(T2, T3, T4)
- p(x2, T4, x5) - p(T3, T4, %6) - P(T4, T5,%6) - P(T1, 75, Te)

Ly = p(w1,w2) - p(w2, x5) - p(T1,23) - p(73,76) - P(T2,23) - (T2, T4)
-p(3,74) - (24, T5) - (T4, 26) - P(T1,75) - P(T1,T6) - P(T5, Te)

Ly = p(z1) - p(x2) - p(x3) - p(T4) - p(5) - p(6)

1
k(l’):LOL—lLQ
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Marginal and conditionals k(x)

We define the marginal and conditional functions of the Kikuchi

approximation as:

k(zs) = ) k(@) (3)
k
k(zalp) = (%Ej}) 4)
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Local Markov property of £(x)

Theorem 1. :
B P(z,i,R)
Theorem 2.
p(xi|bd(z;)) = k(z;|bd(z;)) (6)




‘Sampling of the Kikuchi approximation'

To draw samples from p(x), start with an initial state z° = (29, ..., 29). At
each time ¢ of the GS, a location ¢ to be updated is chosen from z?, and the
new vector 2! ™! is selected using the transition rules in (7).

t+1 _ .

T _ x; —x§ for j # i N
t+1 k(xt t -
;" ~ k(z|bd(z;)) forj =i
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Algorithm 1: Algorithm for learning Kikuchi approximation from the data

1 Learn an independence graph G from the data (the selected set of
solutions).

If necessary, refine the graph.
Find the set C of all the maximal cliques of G.
Construct a clique based decomposition of the graph.

b AN W N

Find the marginal probabilities for the regions of the decomposition.
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Algorithm 2: Markov Network EDA

1 Sett < 0. Generate N solutions randomly.

Select a set S of £ < N solutions according to a selection method.

Learn a Kikuchi approximation of S using algorithm 1.

Generate /V new solutions sampling from the Kikuchi approxima-

2 do{
3
4
5
tion.
6 t<=t+1

7} until Termination criteria are met
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‘ Ising model'

The generalized Ising model is described by the energy functional

(Hamiltonian) (8) where L is the set of sites called a lattice. Each spin
variable o; at site ¢+ € L either takes the value 1 or —1. One specific choice
of values for the spin variables is called a configuration. The constants J;;
are the interaction coefficients. In our experiments we take h; = 0, Vi € L.
The ground state is the configuration with minimum energy.

H=— Z JijO'Z'O'j - thaz (8)

i<jeL i€L
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E P W | pjr| Pkr1|PKi00 E P W pir| pri| Pk
(6,10) 1]19.36 | 0.028 | 0.039 | 0.056 || (14,2) |11 8.55 | 0.035 | 0.066 | 0.0
(6, 5) 21 11.71 | 0.019 | 0.091 | 0.034 (14, 15) 12 | 18.47 | 0.034 | 0.076 | 0.0
(9, 10) 31 11.22 | 0.057 | 0.091 | 0.056 (3,2) 13 8.34 | 0.055 | 0.029 | 0.0
(8,9) 4| 17.28 | 0.019 | 0.059 | 0.073 || (7,11) |14 | 12.77 | 0.085 | 0.027 | 0.0
(8,12) 51 15.86 | 0.041 | 0.009 | 0.018 (1,5) — 9.65 | 0.339 | 0.053 | 0.0
(9,13) 6 | 10.12 | 0.068 | 0.091 | 0.033 (3,0) — 7.94 | 0.282 | 0.084 | 0.0
(1, 13) 71 15.97 1 0.029 | 0.030 | 0.053 (12, 13) — 7.32 | 0.270 | 0.030 | 0.0
(1,2) 8 | 13.63 | 0.035 | 0.025 | 0.053 (6,2) — 6.72 | 0.283 | 0.078 | 0.0
(1,0) 91 10.55 | 0.039 | 0.084 | 0.053 (4, 8) — 6.31 | 0.315 | 0.062 | 0.0
(4, 5) 10| 9.64 | 0.013 | 0.054 | 0.073 Tot. 2.05 1.09 0.

Table 1: Errors in the approximation of the marginals of the selected set given by
valid and Kikuchi approximations.



I | MN-EDA MN-EDA/ MN-FDA EBNAk, MT-FDA
S e S e S e S e S e
I;° 100 |  362.4 | 100 | 127.4 100 | 219.5(96 | 149.5|100| 176.9
L1100 | 910.0| 98| 362.7|100| 885.0(90| 924.6| 97| 653.2
36| 90| 587.3| 96| 206.2| 93| 7748 (91| 525.0| 98| 380.5
361100 | 378.2|100| 130.4|100| 246.5|93| 139.0|100| 176.9
I 93| 4496.7 | 97| 1970.7 | 90 | 4939.4 [ 92 | 6089.0 | 91 | 4173.9
I35 90 | 3967.7| 97| 1733.4| 90| 5230.0 | 94 | 7142.8 | 91 | 3658.5
36| 97| 2799.5| 93| 830.3| 92| 2924.1 |91 | 2881.7 | 93| 2588.1
6| 91 3959.6 | 94| 1737.7| 90| 6074.2 |91 | 7202.6 | 93| 4490.3
1941 98| 8956.8 | 100 | 3838.3 | 94| 11376.8 | 93 | 13793.7 | 91 | 9908.1
IS4 | 91| 11251.7 | 95| 11649.5 | 91 | 21071.0 | 93 | 25702.3 | 90 | 19235.8
IS* | 91 ]10012.8 | 95| 4607.6 | 91 | 16188.9 | 94 | 18834.6 | 90 | 12574.3
I$% | 94 110701.9 | 90| 4347.8 | 90 | 15095.1 | 99 | 30687.7 | 94 | 16213.8

Table 2: Successful rate and average number of function evaluations of EDAs for
different Ising instances.




EDA HIFF C'ubanb

n N | S g € n N S g e
MN-EDA | 32| 700 | 30| 4.90| 3426.1 | 37| 1850 | 30| 6.40 | 11834.6
64 | 1300 | 30 | 9.43 | 12254.9 | 69| 9600 | 30 | 9.23 | 88631.8
128 | 4300 | 30 | 16.30 | 69931.4 | 101 | 23600 | 10 | 11.90 | 280829.0
LFDA | 32| 700 | 30| 4.86| 3402.8 | 37| 1850 | 27| 5.85 | 10830.9
64 | 1300 | 26 8.5 11735.3 | 69| 9600 | 27 | 8.70 | 83547.9
128 | 4300 | 29 | 12.27 | 52774.9 | 101 | 23600 | 10 | 10.90 | 257230.0
BOA | 32| 700 | 30 4.1 | 28659 | 37| 1850 |20 | 6.85 | 12678.8
64 | 1300 | 26 851110419 | 69| 9600 | 23| 9.65 | 92651.2
128 | 4300 | 20 | 15.0 | 64485.0 | 101 | 23600 | 10 | 12.4 | 292627.0

Table 3: Results of MN-EDA, LFDA, and BOA 1n the optimization of functions HIFF

and Cuban?.




